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SUMMARY 
Resul t s  of  a s tudy towards the development  of  f lut ter  modules app l i cab le  
t o  au tomated  s t ruc tu ra l  des ign  o f  advanced  a i r c ra f t  con f igu ra t ions ,  such  as a 
supe r son ic  t r anspor t ,  are p resen ted .  In  th i s  s tudy  au tomated  s t ruc tu ra l  
design i s  r e s t r i c t e d  t o  automated s iz ing of  the elements  of  a g i v e n  s t r u c t u r a l  
model. It inc ludes  a f lu t t e r  op t imiza t ion  p rocedure ;  i .e ., a p rocedure  fo r  
a r r i v i n g  a t  a s t r u c t u r e  w i t h  minimum mass for s a t i s w i n g   f l u t t e r   c o n s t r a i n t s .  
Methods of  so lv ing  the  f lu t te r  equat ion  and  comput ing  the  genera l ized  aero-  
dynamic f o r c e  c o e f f i c i e n t s  i n  t h e  r e p e t i t i v e  a n a l y s i s  e n v i r o n m e n t  o f  a f l u t t e r  
op t imiza t ion  procedure  have  been  s tudied  and  recommended approaches are pre- 
sented.  Five  approaches t o  f l u t t e r  o p t i m i z a t i o n  are e x p l a i n e d  i n  d e t a i l  a n d  
compared. An approach t o  f l u t t e r  o p t i m i z a t i o n  i n c o r p o r a t i n g  some o f  t h e  
methods d iscussed  i s  p r e s e n t e d .  P r o b l e m s  r e l a t e d  t o  f l u t t e r  o p t i m i z a t i o n  i n  
a r ea l i s t i c  des ign  env i ronmen t  are discussed and an integrated approach t o  
t h e  e n t i r e  f l u t t e r  t a s k  i s  presented .  Recommendations for fu r the r  i nves t iga -  
t i o n s  are made. Resul ts  of  numerical  evaluat ions,  applying the f ive methods 
o f  f l u t t e r  o p t i m i z a t i o n  t o  t h e  same des ign  task ,  are presented .  
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1. INTRODUCTION 
1.1 General 
One o f  t h e  f a c t o r s  c o n t r i b u t i n g  t o  the  p r o f i t a b i l i t y  o f  a n  a i r p l a n e  i s  i t s  
payload/range  capabi l i ty .   Given  cer ta in   safety  and  performance  requirements ,  
t h e r e  is  a d i rec t  t rade-of f  be tween s t ruc tura l  weight  and  payload ,  and  it i s  
the  ideal  of  each  a i rp lane  des igner  to  reduce  s t ruc tura l  weight .  Al though the  
i d e a l  minimum weight  design may be expensive to produce, overshadowing any 
payload/range gains,  it provides a good s t a r t i n g  p o i n t  f o r  a p r a c t i c a b l e  
design and a good b a s i s  f o r  comparing d i f f e r e n t  d e s i g n s .  
S t ruc tura l  weight  minimiza t ion ,  of  course ,  i s  not  a new idea .  It is one 
o f  t h e  a i r p l a n e  d e s i g n e r ' s  most c r i t i c a l  t a s k s .  It now has come t o  t h e  f o r e -  
f r o n t  as a r e s u l t  o f  two developments. 
F i r s t ,  it has become e v i d e n t  t o  the s t r u c t u r a l  d e s i g n  e n g i n e e r  t h a t  the  
combination of finite element modeling, high speed computer capacity, and 
mathematical  techniques makes it p r a c t i c a b l e  t o  do detailed s t r u c t u r a l  
syn thes i s  aimed a t  minimizing weight. 
Second, the  need f o r  a comprehensive and detai led approach to  s t ructural  
des ign  op t imiza t ion  has  s ign i f i can t ly  inc reased  wi th  the advent of the super- 
sonic  t ranspor t .  This  fo l lows  f rom the  fac t  tha t  for  a supersonic  t ranspor t  
t h e  r e t u r n  i n  terms of  payload/range per  pound of  s t ructural  weight  saved i s  
c o n s i d e r a b l y  l a r g e r  t h a n  f o r  a subsonic  t ranspor t .  For i n s t ance ,  a one  per- 
cen t  s t ruc tu ra l  we igh t  s av ing  on a t y p i c a l  s u b s o n i c  t r a n s p o r t  m i g h t  r e s u l t  i n  
an increased  payload  capabi l i ty  of  one  to  two percent ;  on an arrow wing super- 
sonic  t ranspor t ,  recent ly  s tud ied  by  the  Lockheed-Cal i forn ia  Company, a one 
p e r c e n t  s t r u c t u r a l  w e i g h t  s a v i n g  r e s u l t e d  i n  a fou r  pe rcen t  i nc rease  in  pay- 
l o a d  c a p a b i l i t y  f o r  t h e  d e s i g n  r a n g e .  
The s u b j e c t  o f  t h i s  r e p o r t  i s  f l u t t e r  o p t i m i z a t i o n ;  i .e.,  s t r u c t u r a l  
we igh t  min imiza t ion  wi th  f lu t t e r  cons t r a in t s .  The need f o r  a systematic ,  
poss ib ly  au tomated ,  approach  to  f lu t t e r  op t imiza t ion  a l s o  has  increased s ig-  
n i f i can t ly .  Subson ic  t r anspor t s ,  as they  are known, and   t ransonic   t ranspor t s ,  
as shown i n  a r t i s t ' s  sketches,  can be represented by s imple,  beam-type 
s t r u c t u r a l  models t h a t  are s a t i s f a c t o r y  f o r  o p t i m i z a t i o n  w i t h  f l u t t e r  con- 
s t r a in t s .  F lu t t e r  op t imiza t ion  fo r  such  des igns  can  be  done ,  and  has  been  
done,  with  available  methods.  The supe r son ic  t r anspor t s  t ha t  are f ly ing  and  
those being studied, however,  a l l  have l i f t i n g  s u r f a c e s  tha t  cannot be repre-  
s en ted  sa t i s f ac to r i ly  by  s imple  beam-type s t r u c t u r a l  models.  This fact  alone 
makes the  t a sk  o f  f lu t t e r  op t imiza t ion  an  o rde r  o f  magn i tude  more complicated.  
Although ad hoc approaches t o  f l u t t e r  o p t i m i z a t i o n  s t i l l  c o u l d  l e a d  t o  a 
sa t i s f ac to r i ly  op t imized  supe r son ic  des ign ,  r e f ined  methods t h a t  t a k e  f u l l  
advan tage  o f  t he  capab i l i t i e s  of the  present  computers , in  regard  to  au tomat ion  
as w e l l  as i n t e r a c t i o n  w i t h  t h e  e n g i n e e r ,  become a t t r a c t i v e  and poss ib ly  
mandatory.  This i s  e s p e c i a l l y  t r u e  i n  view of  the rapidly increasing capa-  
b i l i t y  f o r  fast  ana lys i s  and  syn thes i s  i n  the  a reas  o f  s t ruc tu ra l  mode l ing  and 
a n a l y s i s ,  s t r e s s  o p t i m i z a t i o n ,  and performance analysis supported by improved 
conf igu ra t ion  con t ro l .  F lu t t e r  op t imiza t ion  must  keep abreast  of  these devel-  
opments. A balanced improvement i n  c a p a b i l i t y  i n  a l l  d i s c i p l i n e s  w i l l  make 
poss ib l e ,  w i th in  a p r a c t i c a b l e  time span, true in-depth comparisons between a 
l a r g e  number of  candida te  des igns .  
The preceding paragraphs present  general ly  wel l  known j u s t i f i c a t i o n  f o r  
a conce r t ed  e f fo r t  i n  improv ing  methods of s t r u c t u r a l  o p t i m i z a t i o n  w i t h  f l u t -  
t e r  c o n s t r a i n t s .  Work performed during the subject  s tudy i s  par t  of  such an 
e f f o r t  . 
Work towards  the  goa l  of  a genera l ly  ava i lab le  au tomated  or semi-automated 
s t r u c t u r a l  o p t i m i z a t i o n  s y s t e m ,  t h a t  i n c l u d e s  items such as opt imiza t ion  for  
s t r e s s ,  f l u t t e r  and c o n t r o l l a b i l i t y ,  m u l t i p l e  f l u t t e r  s p e e d  and  modal  damping 
c o n s t r a i n t s , i s  s t i l l  i n  a s ta te  of development. The present  s tudy has  con- 
t r i b u t e d  t o  t h i s  g o a l  i n  t h e  f o l l o w i n g  a r e a s .  Methods of computing the aero- 
dynamics pa rame te r s  t o  be  used  in  a f l u t t e r  o p t i m i z a t i o n  program have been 
compared i n  d e t a i l  w i t h  r e s p e c t  t o  c h a r a c t e r i s t i c s  which are independent of a 
specific  aerodynamics  theory.  A method f o r  e f f i c i e n t l y  and r e l i a b l y  s o l v i n g  
t h e  f l u t t e r  e q u a t i o n  f o r  r o o t s  o f  i n t e r e s t  i n  a f l u t t e r  o p t i m i z a t i o n  module 
has been developed. Five methods of flutter optimization have been compared 
i n  d e t a i l  and the mechanics of the optimization process have been examined; 
numerical examples with a l l  f i v e  methods have been generated for the same 
a i r c r a f t  d e s i g n .  Recommendations f o r  f u r t h e r  s t u d y  and f o r  the design  of a 
f l u t t e r   o p t i m i z a t i o n  module have been made. 
The p r i n c i p a l  r e s u l t s  o f  t h i s  s t u d y  a r e  p r e s e n t e d  i n  t h i s  r e p o r t .  Back- 
ground discussions and supporting material are p r e s e n t e d  i n  a companion r epor t  
(Reference 1) . 
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1.2 Objectives  of  Study 





To  survey  and  evaluate  methods  of  representing  unsteady  aerodynamics 
parameters  and  make  recommendations  for  a  general,  accurate  and  efficient 
formulation  that  minimizes  the  computational  effort  during  the  optimiza- 
tion  process.  The  assessment  of  aerodynamics  theories,  however,  falls 
outside  the  scope  of  this  study. 
To survey  and  evaluate  methods  of  determining  the  flutter  characteristics 
and  make  recommendat2ons  for  a  method  that  is  reliable  and  efficient,  and 
suitable  for  the  optimization  process. 
To evaluate  and  compare  a  number  of  methods  of  structural  optimization 
with  flutter  constraints  and  make  recommendations  for  further  evaluation 
in  a  realistic  design  environment. 
To  make  preliminary  recommendations  for  the  design  of  a  flutter 
optimization  module. 
2. OVERVIEN OF THE FLUTTER O P T I M I Z A T I O N   T A S K  
Structural  optimization  with  flutter  constraints  is  both an extension  of 
the  structural  optimization  task  related  to  strength  and  an  extension  of  the 
flutter  analysis  task.  Being  an  extension  of  two  tasks  that  traditionally  are 
considered  to  belong  to  different  disciplines,  flutter  optimization  must  take 
into  account  requirements  of  both  disciplines.  Structural  optimization 
requires  that  a  structural  model  is  used  that  incorporates  sufficient  struc- 
tural  detail,  in  terms  of  distribution  of  structural  material,  to  aid  the 
designer  in  defining  hardware.  Similarly  the  flutter  analysis  that  is  incor- 
porated  in  the  optimization  process  must  be  of  an  accuracy  comparable  to  that 
used  outside  of  flutter  optimization.  The  latter  refers  to  methods  of 
representing  the  unsteady  aerodynamics  and  methods  of  solving  the  flutter 
equation,  since  the  more  detailed  a  structural  model  is,  the  more  accurate, 
from  an  idealized  theoretical  point  of  view,  is  the  flutter  analysis. From a 
practical  point  of  viciw,  structural  sizing  for  strength  requires  more  detail 
in  the  structural  model  than  is  required  for  adequate  prediction  of  flutter 
characteristics. 
Thus,the  flutter  optimization  task  starts  with  the  definition  of  the 
structural  model.  This  is  one  of  the  most  crucial  aspects  of  flutter  optimiza- 
tion,  and  it  involves  a  serious  conflict  between  simplicity  of  approach  and 
computer  cost.  Present  computer  technology, or methods  of  structural  analysis, 
or both,may  not  permit a  structural  model  with  sufficient  detail  for  a  stress 
analysis  to  be  used in flutter  optimization;  computer  cost  could  be  exorbitant 
due  to  the  repetition  of  operations  during  the  design  process.  Section 7.1 
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dea l s  w i th  th i s  p rob lem in  more d e t a i l .  S u f f i c e  h e r e  t h a t  a s s o c i a t e d  w i t h  t h e  
cho ice  o f  s t ruc tu ra l  model i s  t h e  s e l e c t i o n  of a p r a c t i c a b l e  number of  degrees  
of freedom f o r  t h e  v i b r a t i o n  a n a l y s i s  t h a t  h a s  t o  p r o v i d e  t h e  modes f o r  t h e  
modal r e d u c t i o n  o f  t h e  f l u t t e r  e q u a t i o n ,  which is  u s u a l l y  r e q u i r e d  t o  l i m i t  
computer c o s t ,  If the degrees  of  f reedom for  the v i b r a t i o n  a n a l y s i s  are a 
subse t  of the degrees  of  f reedom of  the s t ructural  model ,  complicat ions arise 
if a non l inea r  r e l a t ionsh ip  be tween  the  s t i f fnes s  ma t r ix  and  the  des ign  
v a r i a b l e s  r e s u l t s  (see Sec t ion  7.1). 
Withou t  s e r ious  r e s t r i c t ion  on scope or accuracy  of  the  ana lys i s  the  mass 
matrix can be assumed t o  b e  a l i nea r  func t ion  o f  des ign  va r i ab le s .  I t  i s  t h e  
sum of a bas ic  mat r ix  and  as many elementary matrices as the re  a re  des ign  
va r i ab le s  a s soc ia t ed  wi th  a mass change,  each proport ional  to  a design 
v a r i a b l e .  
During t h e  f l u t t e r  o p t i m i z a t i o n  t h e r e  i s  repeated need for  determining 
roo t s  o f  t he  f lu t t e r  equa t ion ,  each  time t h a t  a s t ruc ture  tha t  has  undergone  
a r e s i z i n g  s i n c e  t h e  p r e v i o u s  s o l u t i o n  o f  t h e  f l u t t e r  e q u a t i o n .  For many, i f  
not a l l ,  o f  t hese  so lu t ions  a remodal izat ion i s  necessary based on v i b r a t i o n  
modes o f  t he  cu r ren t  conf igu ra t ion .  It i s  found t h a t  f o r  t h e  o p t i m i z a t i o n  
p rocess  to  p rov ide  r e l i ab le ,  conve rged  r e su l t s ,  cons i s t en t  w i th  the  capab i l i t y  
of  the  s t ruc tura l  model ,  more  modal degrees  of  f reedom are  required in  the 
f l u t t e r  e q u a t i o n  t h a n  f o r  a r o u t i n e  f l u t t e r  a n a l y s i s  (see Sec t ion  4 ) .  
I nco rpora t ion  o f  s t a t e -o f - the -a r t  l eve l  ae rodynamics  in  the  f lu t t e r  
optimization process does not provide significant problems beyond those 
e n c o u n t e r e d  i n  t h e  u s u a l  f l u t t e r  a n a l y s i s .  For a given external  geometry the 
basic  aerodynamics  formulation i s  i n v a r i a n t  w i t h  s t ruc tura l   changes .  The 
repet i t ive formation of  general ized aerodynamic forces  for  successive,  updated 
moda l i za t ion  o f  t he  f lu t t e r  equa t ion  i s  s imple  and  re la t ive ly  inexpens ive .  
I n  view of t h e  ob jec t ives  and the  scope  of  the  present  program,  th i s  
r epor t  devo tes  ma jo r  s ec t ions  to  impor t an t  a spec t s  o f  t he  f lu t t e r  op t imiza t ion  
procedure.   Sect ion 3 dea l s   w i th   t he   so lu t ion   o f   t he   f l u t t e r   equa t ion .  Sec- 
t i o n  4 deals wi th  modal iza t ion .  Sec t ion  5 presents  par t  o f  cons iderable  work 
devoted to the aerodynamics,  with the remainder being presented in Reference 1. 
In  Sec t ion  6 ,  me thods  o f  op t imiza t ion  fo r  f lu t t e r ,  eva lua ted  du r ing  th i s  s tudy ,  
are  discussed.  Numerical  resul ts  obtained by applying these methods to  a 
s impl i f ied  opt imiza t ion  task  a re  presented  in  Appendix A .  
Against  the background provided by these sect ions,  Sect ion 7 p re sen t s  
d i scuss ions  of  severa l  addi t iona l  problems and cons ide ra t ions  tha t  need  to  be  
s tud ied  in  o rde r  t o  choose  a ra t iona l  approach  for  formula t ing  a f l u t t e r  
optimization module. 
In  Sec t ion  8, computa t iona l  aspec ts  of  the  comple te  f lu t te r  task are 
de l inea ted .  This t a s k   i n c l u d e s   f l u t t e r   a n a l y s i s  as w e l l  as s t r u c t u r a l  syn- 
t h e s i s  o f  a d e s i g n  t h a t  s a t i s f i e s  t h e  f l u t t e r  r e q u i r e m e n t s .  
Sec t ion  9 summarizes the conclusions of  the present  s tudy and presents  
recommendations for  fu ture  work .  
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3. SOLUTION OF  THE  FLUTTER  EQUATION 
3.1 The Generalized  Flutter  Equation 
When  using  the k method the flutter  equation  can  be  written  as: 
a[K] - p[A(ik)] (q] = 0 
V2 
One of several  possible  methods of solving  this  equation  is  to  determine  the 
characteristic value A = for seyeral values of the reduced frequency 
wc V k=- v ’  keeping all other  quantities  in  the  equation  constant  (Reference 2). 
In the p-k  method the  flutter  equation  is 
and  solutions  p=(Y+i)k  are  sought  for  selected  combinations of values of 
V and p (Reference 3). The p-k  method  formulation  is  convenient  for  the 
inclusion of viscous  damping  and  control  system  transfer  functions.  This  is 
accomplished  by  writing: 
where  Hj(p), j = l , 2 . . ,  represents  transfer  functions of the  control  system 
and pj] relates  the  control  system  displacements  to  the  structural  dis- 
placements; [Dl is a viscous  damping  matrix  (Reference 3). 
A further  generalization of the  flutter  equation  can  be  made  by  making 
the stiffness  matrix  and the inertia  matrix  functions of design  variables 
m which  is the standard  procedure f o r  structural  optimization. In addi- i’ 
tion,  other  quantities,  such  as k] , [Dj] , as well  as  transfer  function 
coefficients in H (p), may be made  functions of design  variables. J 
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Equation (3.3) impl i e s  t ha t  t he  de t e rminan t  o f  t he  squa re  ma t r ix  on t h e  
l e f t  hand s i d e  i s  zero and thus,  i n  a very gene ra l  fo rm,  the  cha rac t e r i s t i c  
e q u a t i o n  c o r r e s p o n d i n g  t o  t h e  f l u t t e r  e q u a t i o n  c a n  be w r i t t e n  as: 
(Y+i)k,g,V,p,mi (3.4) 
D is c a l l e d  t h e  f l u t t e r  d e t e r m i n a n t .  For a r b i t r a r y  v a l u e s  o f  t h e  v a r i a b l e s  
it has a complex va lue .  Thus equat ion  (3 .4)  represents  two equat ions  and ,  in  
p r i n c i p l e ,  c a n  b e  s o l v e d  f o r  two unknowns fo r  g iven  va lues  o f  t he  o the r  
v a r i a b l e s .  
L e t t i n g  Y=O and  so lv ing   for  g and V c o r r e s p o n d s   t o   t h e   t r a d i t i o n a l  
k method o f   s o l v i n g   t h e   f l u t t e r   e q u a t i o n .   S o l v i n g  for Y and k corres-  
ponds t o   t h e  p-k method. L e t t i n g  'Y=O and  solving f o r  k and V l eads  
d i r e c t l y  t o  t h e  f l u t t e r  s p e e d  f o r  a given value of t h e  s t r u c t u r a l  damping, g .  
Solving equat ion (3.4) f o r  k and  one o f  t he  des ign  va r i ab le s  , assuming 
a l l  o the r  variables f ixed ,  i s  a new u s e  o f  t h e  f l u t t e r  e q u a t i o n .  It is c a l l e d  
Incremented Flut ter  Analysis  (References 4 and 11, app l i ca t ions  o f  which a r e  
inc luded  in  Sec t ions  6.2.3 and 6.6. 
3.2 Types of  Solution  Sought 
A f l u t t e r  a n a l y s i s  i n  t h e  t r a d i t i o n a l  s e n s e  is  the  de t e rmina t ion  o f  t he  
f l u t t e r  c h a r a c t e r i s t i c s  o f  a g i v e n  s t r u c t u r e .  It inc ludes  the  ca l cu la t ion  
of any f l u t t e r  speed  tha t  may occur a t  speeds up t o  o r  somewhat beyond a 
speed  co r re spond ing  to  the  r equ i r ed  f lu t t e r  marg in .  It a l s o  i n c l u d e s  t h e  
ga in ing  o f  i n s igh t  i n  the  va r i a t ion  o f  f r equency  and aerodynamic damping a t  
speeds  be low the  f lu t te r  speed  for  severa l  in - f l igh t  v ibra t ion  modes of 
i n t e re s t .  Consequen t ly , su f f i c i en t  modal so lu t ions  are ob ta ined  fo r  t he  con- 
s t r u c t i o n   o f  f-g-V diagrams  (Figure 3-1) f o r   s e v e r a l   f l i g h t   c o n d i t i o n s .  
A p r o c e d u r e  f o r  s t r u c t u r a l  o p t i m i z a t i o n  w i t h  f l u t t e r  c o n s t r a i n t s  w i l l  
most l i k e l y  s tar t  with such a survey-type analysis .  However, dur ing  the  
p rocess  o f  r epea ted  r e s i z ing ,  l ead ing  to  the  optimum des ign ,  there  i s  no need 
for   determining  complete  f-g-V diagrams at each   res iz ing;   on ly   po in t   so lu-  
t i o n s  are requ i r ed .  Po in t  so lu t ions  found  in  the  l i t e r a tu re  are of two types:  
1) d i r e c t l y   s o l v i n g   f o r   t h e   f l u t t e r   s p e e d   ( t h e   c o m b i n a t i o n  k,V i n  equa- 
t i o n  ( 3 . 4 ) )  , and 2) determining the value of one  des ign  var iab le  necessary  to  
s a t i s f y  a g iven   f l u t t e r   speed   cons t r a in t   ( t he   combina t ion  k,  m j  i n  equa- 


















A m O W  WING SST CONFIGURATION - COIKCRACT NASI--12288 
Symmetric Flutter Analysis - 20 Vibration Modes 
Two Rigid Body Modes Not Shown 
Mach Number = 0.6 Weight = 145,600 kg 
100 200 3 
Velocity, m/s EAS Velocity, m/s EAS 
Figure 3-1: Example of Complete f-g-V Diagram 
One a d d i t i o n a l  t y p e  o f  p o i n t  s o l u t i o n  h a s  b e e n  f o r m u l a t e d  d u r i n g  t h i s  
c o n t r a c t ,  r e s u l t i n g  i n  t h e  d e t e r m i n a t i o n  o f  t h e  minimum damping p o i n t  of an 
i n - f l i g h t  mode. Such a p o i n t ,  if it e x i s t s ,  is o f  i n t e r e s t  i f  t h e  minimum 
damping p o i n t  l i es  wi th in  the  speed  range  cons idered .  The a s soc ia t ed  mode is 
c a l l e d  a hump  mode (See Figure 3-1). This  po in t  so lu t ion  r equ i r e s  the  so lu t ion  
of equat ion ( 3.4) and the equat ion 
2.l = 
a v  0 (3.5) 
f o r  t h e  t h r e e  unknowns k ,  7' and V.  Details of  the  formula t ion  are g i v e n  i n  
Sec t ion  3.4. No numer ica l  eva lua t ion  of  the  method has been made thus  far. 
. - .  . ., 
The following section deals mainly with methods of obtaining point 
s o l u t i o n s  f o r  t h e  f l u t t e r  s p e e d .  It should  be  kept  in  mind t h a t  when such 
solut ions are  needed in  an opt imizat ion program a s o l u t i o n  f o r  a similar 
s t r u c t u r a l  c o n f i g u r a t i o n  i s  u s u a l l y  a v a i l a b l e  as a first approximation t o  t h e  
r e q u i r e d  s o l u t i o n .  
3.3 Methods of  Obta in ing  Poin t  Solu t ions  
Severa l  methods  for  ob ta in ing  poin t  so lu t ions  have  been  cons idered  and  
eva lua ted  to  va r ious  dep ths .  The i r  appa ren t  e f f i c i ency ,  i n  terms of  computa- 
t i o n a l  e f f o r t ,  i s  an  important, p a r t  of t he  eva lua t ion .  However, the   degree  
o f  ce r t a in ty  wi th  which a des i red  so lu t ion  can  be  found i s  even more 
important .  
The l a t t e r  c o n s i d e r a t i o n  refers t o  convergence problems and t o  problems 
a s s o c i a t e d   w i t h   r e l a t i n g  modal s o l u t i o n s  a t  one va lue  of V or k t o  modal 
so lu t ions  a t  another   value of V o r  k .  
The r e su l t s  o f  eva lua t ions  o f  t he  fo l lowing  methods are presented:  
0 Bhat ia  method (Reference 5 )  
0 Phoa - Boeing  method  (Reference 6 )  
0 Lockheed's  Program 165 (p-k  method,  Reference 3) 
0 Desmarais-Bennett  method (Refe reme  7)  
0 Two Dimensional  Regula  Falsi  and Newton Raphson (Reference 8)  
3.3.1 Bhatia Pethod - In  Reference 5 Bhat ia  presents  a method of solving 
d i r e c t l y  f o r  t h e  f l u t t e r  s p e e d .  Numerical evaluations of the method  have 
been performed using data from the arrow wing study that Lockheed has con- 
ducted under  contract  NAS~-12288. 
I n  B h a t i a ' s  method, which i s  based on t h e  k-method approach ,  the  s t ruc-  
tural damping, g ,   r e q u i r e d   f o r   n e u t r a l   s t a b i l i t y  i s  computed as a func t ion  
of l / k  =- by  means of a Laguerre   type  extrapolat ion.  It i s  a n  i t e r a t i v e  
O C  
a 
method t h a t  i s  i n i t i a t e d  by  choosing a trial v a l u e  l / k  and  computing t h e  
a s soc ia t ed  va lue  o f  g and i t s  first and  second der iva t ive  wi th  respec t  to  
l / k .  The Laguerre  extrapolat ion leads t o  a f i r s t  approximation of the value 
of l / k  f o r  which g=O ... The process  i s  repea ted  for t h i s  new v a l u e  o f  l / k  
unt i l  convergence  i s  reached. 
The method as p resen t ly  programmed uses only aerodynamic matrices a t  
prese lec ted   va lues   o f   k ,   requi r ing  a l a r g e  number of   p rese lec ted  k va lues .  
The method a l s o  r e q u i r e s  i n p u t t i n g  the first and second derivatives of a l l  
aerodynamics matr ices  with respect  to  l / k .  The method couid be improved  by 
u s i n g  i n t e r p o l a t i o n  w i t h  r e s p e c t  t o  k to   determine  the  aerodynamics  matr ix  
and i t s  d e r i v a t i v e s  a t  a rb i t r a ry  va lues  o f  k from  matrices  given at a 
moderate number o f   p re se l ec t ed  k va lues .  Care must b e   t a k e n   t h a t   t h e  
i n t e r p o l a t e d  results are def ined  uniquely  over  the  range  of  k o f  i n t e r e s t  
f o r  a p a r t i c u l a r  s o l u t i o n  t o  p r e v e n t  t h e  s o l u t i o n  fYom o s c i l l a t i n g  between 
two va lues  ( "hunting" ) . 
Numerical  evaluations were performed as p a r t  o f  t h i s  s t u d y .  D i f f i c u l -  
ties were encountered i n  t r a c k i n g  t h e  p r o p e r  mode and in  converg ing  on t h e  
lower  f lu t t e r  speed  o f  a hump mode. There i s  uncertainty whether the program 
can be modi f ied  such  tha t  the  proper  modal s o l u t i o n  is always obtained. 
A t  e a c h  s t e p  i n  t h e  i t e r a t i o n  t o w a r d s  t h e  s o l u t i o n  a c h a r a c t e r i s t i c  
value problem must be solved. This may p r o v e  t o  b e  c o s t l y  i n  terms of CPU 
time. 
3.3.2  Phoa Method - In  Reference  6, Phoa p resen t s  a formulat ion of t h e  
f lu t t e r  equa t ion  f rom a cont ro ls  theory  poin t  of  view. Although it i s  
r ecogn ized  tha t  con t ro l s  t heo ry  cou ld  p rove  to  be  o f  a s s i s t ance  in  in t e r -  
p r e t i n g  t h e  f l u t t e r  phenomenon, i n  t h e  case of Reference 6 it leads t o  an 
e q u a t i o n  t h a t  is  e s s e n t i a l l y  the  same as equat ion (3 .4 ) .  Phoa's  method,  based 
on t h e  k-method approach, i s  i n  u s e  a t  t h e  Boeing Company. Discussions w i t h  
Boeing personnel  indicate  that  i n  t h e  a c t u a l  a p p l i c a t i o n  t h e  e q u a t i o n  
( D ( 0 , V ) .  -1) = D(w,V) = -1 is  so lved   fo r  V and w. 
The s o l u t i o n  i s  accomplished i n  two s t e p s .  C o n s t a n t  v e l o c i t y  l i n e s  i n  
t h e  complex p lane   represent ing  D ( w , V )  are i n t e r s e c t e d  w i t h  t h e  real  a x i s .  
The va lues  of t h e  real p a r t s  a t  t h e  i n t e r s e c t i o n s ,  as a func t ion  o f  t he  
ve loc i ty ,  are used to  determine an estimate of the  v e l o c i t y  f o r  which t h e  
real p a r t   o f  B(w,V) equals  -1. I n   a n  i terative process   the  accuracy  of  
t h e  s o l u t i o n  i s  improved. 
- 
In  numer ica l  eva lua t ion  of  th i s  approach  it w a s  shown t h a t  t h e  c o n s t a n t  
v e l o c i t y  l i n e s  may have two i n t e r s e c t i o n s  wi th  t h e  real  D(w,V)  axis; t h i s  
can be a source of problems (Figure 3-2).  
- 
The method i s  a sequence of two i n t e r p o l a t i o n s  r e q u i r i n g  many determinant 
eva lua t ions .  It i s  expected that  very f e w ,  poss ib ly  no t  more than  two or 











Figure 3-2 : Value of Re lD(w,V) I 1 Corresponding t o  Im,D(w,V) I 1 = 0 as a Funct:ion of Velocity 
3 .3 .3  Lockheed Program 165 -'Program 165 of Lockheed's Flutter and Matrix 
Algebra  System (FAMAS) is  based on t h e  p-k method  approach. It i s  designed 
t o  g e n e r a t e  many p o i n t  s o l u t i o n s ,  a s s o c i a t e d  w i t h  i n - f l i g h t  modes, so  t h a t  com- 
p l e t e  f-g-V diagrams  can be cons t ruc ted .  The program  solves  equation (3 ,3)  
f o r   p = ( ? + i ) k   g i v e n   a n   i n i t i a l  trial s o l u t i o n .   F o r   d e t e r m i n i n g   t h e   f l u t t e r  
speed, Y is  eva lua ted  at s e v e r a l   v a l u e s   o f   t h e   v e l o c i t y .   F l u t t e r   o c c u r s  at 
the  speed  fo r  wh ich  Y=O. 
' The program has been used successfully in nonautomated numerical  evalua- 
t i ons  du r ing  th i s  con t r ac t .  Au tomat ion  shou ld  be  r e l a t ive ly  s imple  and  cou ld  
be based on the  fo l lowing  s t eps .  A t  t he  e s t ima ted  f lu t t e r  speed  an  e s t ima ted  
frequency is u s e d  t o  s ta r t  the  p rocess .  Both a re  ob ta ined  from t h e  s o l u t i o n  
f o r ' a  p r e v i o u s  s t r u c t u r a l  c o n f i g u r a t i o n .  D e t e r m i n a n t  i t e r a t i o n  (see 
Reference 3 )  w i l l  l e a d  t o  t h e  a c t u a l  v a l u e  o f  'Y at t h e  e s t i m a t e d  f l u t t e r  
speed. A t  a s l i g h t l y  p e r t u r b e d  v e l o c i t y ,  u s i n g  t h e  damping  and  frequency 
already  found as t r ia l s ,  Y i s  aga in   eva lua ted .  The  two p a i r s  of  V and Y 
v a l u e s  t h u s  f o u n d  a r e  u s e d  t o  i n i t i a t e  a One-Dimensional Regula Fa ls i  p ro-  
c e d u r e   t h a t   l e a d s   t o  a value  of  V f o r  which ?=O. The approach i s  expected 
t o  b e  q u i t e  e f f i c i e n t ,  e x c e p t  f o r  t h e  p r o b l e m  of assur ing  tha t  subsequent  
s o l u t i o n s  b e l o n g  t o  t h e  same i n - f l i g h t  mode. 
3 . 3 . 4  Desmarais-Bennett Method - Reference 7 p resen t s  a fast  and  economical 
automated  procedure t o  g e n e r a t e  f-g-V diagrams,  including the proper  con- 
nec t ion  o f  po in t  so lu t ions  o f  t he  f lu t t e r  equa t ion .  The procedure i s  based 
on t h e  k-method approach. 
Reference 7 shows t h a t  t h e  method is  qu i t e  power fu l  i n  p rope r ly  con- 
nec t ing  po in t  so lu t ions .  The sample  cases i n  Reference 7, however, are 
obta ined  by p a r t i a l  d e f l a t i o n  o f  t h e  f l u t t e r  d e t e r m i n a n t  a f t e r  e a c h  modal 
s o l u t i o n  i s  found. Thus u s i n g  t h i s  method  would r e q u i r e  s o l v i n g  f o r  more 
r o o t s  t h a n  a r e  o f  i n t e r e s t  i f  o n l y  t h e  f l u t t e r  s p e e d  is  r equ i r ed .  Or, 
a l t e r n a t i v e l y ,  i f  o n l y  t h e  r o o t  o f  i n t e r e s t  i s  determined,  there  i s  uncer- 
t a in ty  whe the r  t he  method w i l l  b e  as success fu l  i n  fol lowing modal s o l u t i o n s  
as shown in  Refe rence  7.  
App l i ca t ion  o f  t h i s  method t o  d i r e c t l y  s o l v i n g  f o r  t h e  f l u t t e r  s p e e d  
could be programmed accord ing  to  the  fo l lowing  p rocedure .  
The known s o l u t i o n  f o r  a base  conf igura t ion  is  considered a reasonable  
estimate o f  t h e  s o l u t i o n  for a s l igh t ly  mod i f i ed  conf igu ra t ion .  Two k 
values ,  c losely spaced according to  the Desmarais-Bennet t  approach,  are  
c h o s e n   s u c h   t h a t   f l u t t e r  i s  expec ted   to   occur  at a lower k va lue .  Modal 
s o l u t i o n s  a t  t h e s e  two  k values  are obta ined .  The repeated  sequence  of 
l inear e x t r a p o l a t i o n  t o  t h e  n e x t  k va lue  and  the  Laguer re  i te ra t ion  
descr ibed in  Reference 7 i s  performed for  the mode that  i s  expec ted  to  g ive  
t h e  f l u t t e r  c r o s s i n g  and one or more a d d i t i o n a l  modes on each  s ide  o f  t h i s  
mode in  the frequency spect . rum. The a d d i t i o n a l  modes a r e  i n c l u d e d  t o  a s s u r e  
t h a t  a f l u t t e r  c r o s s i n g  i s  o b t a i n e d ,  i n  the even t  t ha t  an e r r o r  i n  judgment 
is made i n  s e l e c t i n g  t h e  p r i m e  c a n d i d a t e  mode f o r  a f l u t t e r  c r o s s i n g .  
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The  preceding  conceptual  evaluation  defines  the  problems  that  need  to  be 
resolved  when  adjusting  the  Desmarais-Bennett  method  for  use  in  a  flutter 
optimization  program  and  no  numerical  evaluation  was  considered  necessary. 
3.3.5 Two-Dimensional  Regula  Falsi - The  concept  of  solving  the  two  equations 
implied  by  equation (3.4) for  two  unknowns  is  not  new.  However,  using  this 
concept for directly  solving  the  flutter  equation  for  the  flutter  speed  is 
relatively  new. The  need  for  such  a  solution  arose  with  the  advent  of  struc- 
tural  optimization  with  flutter  speed  constraints  and,  to  the  knowledge  of 
the  present  authors,  the  first  published  record  of  solving  directly  for  the 
flutter  speed  is  Reference 9 .  
In that  Reference  the  Newton-Raphson  approach  is  used  in  two  dimensions 
to  determine  flutter  speed  and,  as  a  byproduct,  flutter  frequency.  The 
Newton-Raphson  approach  is  based  on  determining  the  value  of  a  function  and 
its  derivatives  for  an  initial  set  of  trial  values  and  extrapolating  linearly 
to  an  estimate  of  the  solution.  In  Reference 9 , the  derivatives  are  deter- 
mined  by a  finite  difference  technique.  The  Two-Dimensional  Regula  Falsi 
approach  uses  three  trial  sets  of  the  unknowns  to  construct  two  planes.  The 
common  point  between  those  planes  and  the  plane  D(w,V)=O  defines  the  next 
estimate  of  the  solution. 
Table 3-1 compares  the  essential  characteristic  of  the  two  methods.  In 
the  Newton-Raphson  method  with  analytical  evaluation  of  the  derivatives,  the 
formation  of  two  derivative  matrices  is  time  consuming.  In ell methods  the 
determinant  evaluations  are  the  most  time  consuming.  Other  operations, 
related  to  solving  two  linear  equations  with  two  unknowns,  are  trivial. Pro- 
visions  to  assure  convergence  are  comparable  for  the  two  methods.  Numerical 
experience  with  the  Two-Dimensional  Regula  Falsi  has  indicated  that  problems 
with  convergence  on  a  solution  are  more  easily  solved  than  with  the  Newton- 
Raphson  approach.  It  is  concluded  that  the  Two-Dimensional  Regula  Falsi 
approach  is  the  more  preferable  one  of  the  two. 
It should  be  noted  that  both  methods  can  be  used  for  combinations  of 
unknowns  other  than  frequency  and  flutter  speed.  The  Two-Dimensional  Regula 
Falsi  has  been  used  successfully  for  solving  for  the  value  of  one  design 
variable,  required  to  meet  a  given  flutter  speed,  and  the  associated  frequency. 
The  method  does  not  require  the  computation  of  derivatives. No interpolation 
or extrapolation  of  converged  solutions  is  required,  unless  nonconvergence  is 
encountered  and  an  intermediate  configuration  is  analyzed  to  assist  in  obtain- 
ing a  better  initial  estimate  of  the  solution  for  the  configuration f o r  wh ch
the  original  nonconvergence  occurred.  Finally,  the  solution  sought  is  a 
combination  of  real  values of the  unknowns,  rather  than  a  series  of  complex 
modal  solutions  associated  with  in-flight  modes.  The  equivalent  of  converging 
on  the  wrong  mode,  as  may  occur  in  seeking  modal  solutions,  usually  leads  to 
nonconvergence,  and  a  recovery  procedure  that  is  described  in  Reference 1. 
Thus  mode  switching  to  a  non-flutter  mode  does  not  occur o r ,  at worst  ,leads 
to  nonconvergence.  The  chance  of  converging  on  the  wrong  flutter  speed  and 
frequency  would  seem  to be quite  small  in  view of the  relati\-ely  small  number 
of solutions  within  the  region  of  interest  of  the  unknowns.  It  has  never 
occurred  in  the  many  test  cases  that  have  been  run  during  this  study. 
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TABLE 3-1. COMPARISON OF NEWTON-WHSON METHOD  AND 




Regula  Falsi  Differences  Derivatives Operation 
Dimensional  Finite 
Number of initial  estimates 
required? 
No Trivial  Yes Formation of derivative  matrices 
matrix  required? 
No  No Yes Derivative of aerodynamics 
matrix  required? 
Yes  Yes Yes Interpolation of aerodynamics 
3 1 1 
Number of complex  Value of 1 3 3 
determinant First  determinant 
evaluations  per  step 
iterative  step 0 0 2 Derivative 
Each  Value o f  1 3 1 
fol-  determinant 
step Derivative 2 0 0 
lowing 
3.3.6 Conclusion - On  the  basis of overall  engineering  evaluation,  supported 
by  numerical  experience  with  all  methods  except  the  Desmarais-Bennett  and 
Newton-Raphson  approach,  the  Two-Dimensional  Regula  Falsi  approach  was  con- 
sidered  most  promising  and  chosen  for  further  development  (see  Reference 1). 
3.4 Minimum  Damping  in  Hump  Mode 
Sufficient  modal  damping  within  the  speed  envelope  can b  assured  by 
requiring  sufficient  damping  in  all  modes  at  "all"  speeds  below  the  minimum' 
required  flutter  speed or by requiring  that  the  minimum  damping in each  mode, 
in so far as it  occurs  below the minimum  required  flutter  speed,  is  equal  to 
o r  larger  than  a  given  value. 
To  initiate  exploration of the  latter  approach  a  method  to  determine  the 
minimum  damping in  a hump  mode  was  formulated. 
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The poin t  of  minimum damping i n   t h e  hump  mode is de f ined  by  the  cond i t ion  
av - 0 ,  where Y d e f i n e s   t h e  real p a r t  of t h e   f l u t t e r   r o o t ,  p=(Y+i)k, i n  
terms of   the  reduced  f requency k.  The q u a n t i t y  Y i s  a form of t h e  
logari thmic increment:  
ay 
"
1 n+l  a 7 = -in- 2 ~ r  a n 
where a and a are ampli tudes of  successive cycles .  n n + l  
An expres s ion   fo r  - is  found as follows. 
Consider   the p-k method formulation  of the f lu t t e r   equa t ion   ( equa -  
av 
t i o n  (3 .2 ) )  and t a k e  t h e  d e r i v a t i v e  w i t h  r e s p e c t  t o  V: 
[$k] p2 + 2$[M] C 
(3.6) 
Choose a v e l o c i t y  V1 f o r  which - i s  es t imated   to   be   equal   to   zero .  
The s o l u t i o n  o f  t h e  f l u t t e r  e q u a t i o n  a t  V1 is  : p = pl, I.} = (ql} and  the 
c h a r a c t e r i s t i c  v e c t o r  of  the  t ransposed  equat ion:  [ r) = ( rl} . S u b s t i t u t i n g  
t h i s  s o l u t i o n  i n t o  e q u a t i o n  ( 3 . 7 )  gives :  
av 
where p'( i k l )  ] = a [.( ik ) ]  eva lua ted  a t  k = k 1' 
With p = (?'+i)k: 
Substituting  equation (3 .9 )  into equation (3.8) leads to a  complex  equa- 
tion, and thus  two  equations in the  two  unknowns and ak -av from  which 
can be determined. 
The  process  can be repeated  for V2, leading  to (%)*. A one- 
dimensional  Regula  Falsi  approach  will  lead  to  the  value of V for  which 
" av - 0 .  
In the above  approach  two  characteristic  value  problems  must  be  solved 
for  determining  the  first  iterated  value  of V for - = 0. Each  following 
step  requires  solution of  one characteristic  value  problem. 
a? 
av  
It should  be  noted  that  damping  versus  speed  curves  may  be  rather  flat 
and  for  practical  purposes  a  converged  value  of Y may  not  define  a  converged 
value  of V. This  causes  no  problem  since  the  most  likely  application of 
these  procedures  is  in  connection  with  an  inequality  constraint  such  as: 
'hump top ' 'max allowed 
Determining the minimum  damping  in  a  hump  mode  can  ?e  combined  with 
solving  for  the  value of a  design  variable  satisfying  the  constraint: 
Y -  hump  top 'max allowed 
- 
= Y  
For V = V and Y = 7 ,  equation (3.7) is solved  for k and  the  value 1 
of the  design  variable  m  Then  equations ( 3 . 9 )  and (3.8) are  used  to  compute i' 
- av as  before. In general f 0. and  a  one-dimensional  Regula  Falsi  process av 
is  initiated  by  repeating  the  process  for  another  chosen  value V = V 
I .  
2' 
Numerical  evaluation of  the  approaches  outlined  could  not  be  accomplished 
within  the  scope of this  study. 
3.5 Recommendation 
The  two-dimensional  Regula  Falsi  procedure  is  recommended f o r  inclusion 
in  the  Flutter  Optimization  Module  for  providing  point  solutions f he 
flutter  equation.,  The  procedure  is  more  direct  than  any of the  other  pro- 
cedures  considered.  It  aims  at  roots  of  the  flutter  equations,  either  flutter 
speed  and  frequency or design  variable  and  frequency,  of  which  for  every 
flight  condition  there  are  considerably  fewer  present  than  there  are  in-flight 
modes  represented in  the  problem  formulation. As a  result,  convergence  on  the 
wrong  root  would  seem  to be less  likely  than  when  modal  solutions  are  sought. 
That  the  same  procedure  can  be  used  for  solving  for  different  pairs  of 
unknowns  is  considered  an  added  advantage. In  addition,  it  is  equally  appli- 
cable  to  the  p-,  the  k-  and  the  p-k  method  of  formulating  the  flutter 
equation. A preliminary  program  is  available  that  has  shown  good  convergence 
behavior  under  a  wide  variety  of  input  data. 
Since  it  seems  likely  that  the  capability  of  directly  solving  for  the 
point  for  which E = 0 will  be  a  factor  in  developing  methods  of  flutter 
optimization,  numerical  test  cases  should  be  conducted  to  evaluate  the  methods 
related  to  determining  the  minimum  damping  in  the  hump  mode.  The  results  may 
influence  the  development  of  methods  of  optimization  that  take  into  account 




Modalization  is  the  reduction  of  the  number  of  degrees  of  freedom  by 
establishing  modes  of  displacement  in  which  the  original  degrees  of  freedom 
(usually  point  displacements)  have  a  fixed  relation  to  each  other. 
Let [z'~)) define  a  relation  between  the  discrete  structural  displace- 
ments  z.  The  arbitrary  column  matrix  of  displacements {z} can  then  be 
approximated,by  linear  combination  of  several  linearly  independent  columns 
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or  in  short  notation: 
The  modalized  flutter  equation  is: 
'.Modalization  is  desirable  whenever  the  total  number  of  initial  degrees  of 
freedom  is sc large  that  solving  the  unmodalized  equation  becomes  uneconomical, 
and  is  necessary  if  the  number  of  initial  degrees  of  freedom  exceeds  the 
capacity  of  the  available  computer  program  to  solve  the  original  characteris- 
tic  value  problem.  Since,  in  general,  the  flutter  equation  is  solved  more 
frequently  than  the  vibration  equation  and,  in  addition,  the  flutter  equation 
must  admit  complex  numbers,  modalization is usually  associated  with  the 
flutter  equation.  However,  when  using  all  the  structural  displacements  of  a 
detailed  finite  element  structural  model  as  degrees  of  freedom,  modalization 
may  be  desirable or necessary  for  the  vibration  analysis  as  well. 
In any  discussion  of  modalization,  the  type of modes  and  the  number  of 
modes  to  be  used  must  be  considered.  When  used  in  an  optimization  procedure, 
the  question of "updating"  must  be  considered.  Updating in this  context 
means  the  adjustment of the  modes  after  resizing  the  structural  elements  in 
the  course  of  the  optimization  procedure.  These  three  aspects  of  modalization 
will  be  discussed  separately  in  the  following  sections. 
4.2 Types of  Modes 
Before  the  advent  of  the  high-speed  computer,  modalization  (e.g., 
Rayleigh-Ritz  method)  was  required  even  for  vibration  analyses.  Relatively 
few  and  simple  modes  were  used.  With  the  increasing  capacity  of  computers, 
the  need  for  modalizing  the  vibration  equation  has  all  but  disappeared.  Thus, 
present  practice  is  to  determine  natural  vibration  modes  of  the  entire  airplane 
from  an  unmodalized  vibration  equation  and  to  use  a  certain  number  of  modes, 
associated  with  the  lower  range  of  natural  frequencies,  to  reduce  the  order  of 
the  flutter  equation. For special  investigations,  such  as  the  inclusion  of 
actual  control-surface-actuator  impedances, or the  entire  automatic  control 
system,  additional  control  surface  modes  may  be  necessary. 
In several  instances  in  the  literature  (e.g.,  Reference 101, the  use  of 
component  modes  has  been  described.  Component  modes  define  the  relations 
between  discrete  displacements  of  airplane  components  such  as  the  wing or
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fuselage,  and are obtained by a v ibra t ion  ana lys i s  in  which  only  d isp lacements  
of a p a r t i c u l a r  component are used as degrees  of  freedom.  Complications arise 
when the connect ions between components involve many s t ruc tu ra l  d i sp l acemen t s .  
Reference 11 shows, wi th  a simple beam as an example, t h a t  t h e  u n j u d i c i o u s  
use  of  component modes can  g ive  inaccura t e  r e su l t s  fo r  even  the  lowes t  f r e -  
quency  of t h e  e n t i r e  body. The use of  component modes i s  only recommended 
fo r  t he  de t e rmina t ion  o f  na tu ra l  v ib ra t ion  modes of  the  comple te  vehic le ;  
and then only i f  it i s  necessa ry  to  r educe  the  o rde r  o f  t he  v ib ra t ion  
equat ions.  
Ana ly t i ca l  modes, such as defined by polynomials and modes corresponding 
t o  s t a t i c  d e f l e c t i o n s ,  would  obvia te  the  need  for  repe t i t ive  v ibra t ion  ana lyses  
dur ing  the  opt imiza t ion  process  i f  they  a re  used  as f i x e d  modes.  However, 
u sua l ly  a cons ide rab ly  l a rge r  number of such modes i s  r equ i r ed ,  fo r  t he  same 
a c c u r a c y  o f  t h e  f l u t t e r  s o l u t i o n ,  t h a n  when v i b r a t i o n  modes are used. No 
advantages  of f - se t t ing  tha t  dkadvantage  have  been  encountered .  
S p e c i f i c a l l y ,  a n a l y t i c a l  modes have  been  sugges ted  for  e f f ic ien t  genera-  
t ion  of  genera l ized  aerodynamic  force  coef f ic ien ts ,  as d i scussed  in  Sec t ion  5 .  
The use  o f  ana ly t i ca l  modes may p e r m i t  t h e  a n a l y t i c a l  i n t e g r a t i o n  o f  t h e  
product  of  def lec t ion  and pressure  modes. It makes it p o s s i b l e  t o  compute 
invar ian t  genera l ized  aerodynamic  force  coef f ic ien ts  tha t  can  be  combined 
l i n e a r l y  t o  form general ized aerodynamic forces  for  any arbi t rary mode. To 
take advantage of  this  feature ,  however ,  the number of a n a l y t i c a l  modes must 
be  l a rge ,  s ince  it must be  adequate  for  a l a r g e  number o f  s t i f f n e s s  and 
i n e r t i a  d i s t r i b u t i o n s .  The a n a l y t i c a l  modes thus  can  serve as re fe rence  modes 
t h a t  a r e  t h e  d e g r e e s  o f  freedom f o r  a l l  v ib ra t ion  ana lyses  *om which a 
smaller number o f  v i b r a t i o n  modes i s  o b t a i n e d  f o r  u s e  i n  f l u t t e r  c a l c u l a t i o n s .  
However, a l a r g e  number o f  v ib ra t ion  modes of a bas ic  conf igura t ion  a l so  can  
be used as re ference  modes and one would expect that fewer r e fe rence  modes 
are needed i f  t h e y  a r e  v i b r a t i o n  modes than  i f  they  are a n a l y t i c a l  modes. 
I t  was though t  t ha t  u s ing  the  ( complex )  f lu t t e r  mode of a base configura-  
t i o n  might reduce the number of modes r e q u i r e d  f o r  an  adequa te  f lu t t e r  so lu t ion  
of a modif ied configurat ion.  Some prel iminary work d u r i n g  t h i s  s t u d y  was 
done, but was no t  ca r r i ed  far enough f o r  any conclusion to  be drawn. 
4.3 Number of Modes 
The number of  modes used i n  t h e  f l u t t e r  e q u a t i o n  i s  of  impor tance  for  the  
accuracy of  the-computed f lut ter  speed and f lut ter  speed der ivat ives  with 
r e s p e c t  t o  d e s i g n  v a r i a b l e s .  A t  p r e sen t  t he re  seems t o  b e  no r e a d i l y  a v a i l a b l e  
gene ra l  c r i t e r ion  fo r  de t e rmin ing  the  number of modes needed f o r  a des i r ed  
accuracy. 
When t r y i n g  t o  economize by r e s t r i c t i n g  the number of modes t o  b e  u s e d  i n  
f l u t t e r  c a l c u l a t i o n s , t h e r e  i s  a need to  f requent ly  check  whether  the  number of 
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modes i s  s u f f i c i e n t  f o r  a c c u r a t e  p r e d i c t i o n  o f  t h e  f l u t t e r  s p e e d  f o r  a r b i t r a r y  
conf igura t ions .  Thus t h e r e  i s  an advantage  in  us ing  f lu t t e r  analysis  pro- 
cedures t h a t  a l l o w  a large number of  modes even i f  t h a t  raises t h e  c o s t  o f  
each individual  f l u t t e r  s o l u t i o n .  
It has  been pointed out  in  Reference 12, and it was confirmed by l imited 
numer i ca l  ana lys i s  du r ing  th i s  s tudy ,  t ha t  more modes axe needed f o r  a c c u r a t e l y  
computing f l u t t e r  s p e e d  d e r i v a t i v e s  t h a n  f o r  computing f l u t t e r  s p e e d s .  
I n  dec id ing  on  the  number of  modes t h e  computer environment may be an 
impor tan t  fac tor  to  be  judged  by  the  analyst i n  a d d i t i o n  t o  t h e  a c c u r a c y  
requi red .  Even t h e  method of computer cost  appropriation may in f luence  the  
dec is ion .  
4.4 Updating  of Modes 
As r e s i z ing  s t eps  accumula t e  du r ing  the  op t imiza t ion  p rocess ,  t he  v ib ra -  
t i o n  modes o f  t h e  i n i t i a l  c o n f i g u r a t i o n  become less s u i t e d  t o  a c c u r a t e l y  
r e p r e s e n t  t h e  r e v i s e d  s t r u c t u r e .  I d e a l l y ,  t h e r e f o r e ,  after each   r e s i z ing   s t ep  
a new v ibra t ion  ana lys i s  should  de te rmine  new modes f o r  m o d a l i z i n g  t h e  f l u t t e r  
equat ion.  The need for  such  updat ing  i s  c l o s e l y  r e l a t e d  t o  t h e  number of 
modes used and the type and magnitude of structural changes incurred by the 
r e s i z i n g .  The use  of  a l a r g e  number of  modes t e n d s  t o  r e d u c e  t h e  need f o r  
f requent   updat ing.  However, i n su f f i c i en t  upda t ing  can  cause  the  r e s i z ing  
s t e p s  t o  f o l l o w  a zig-zag path that ,  in  the extreme,  may not converge. 
The p h y s i c a l  e x p l a n a t i o n  f o r  t h i s  is the  fol lowing.  L e t  t he  op t imiza t ion  
procedure  ind ica te  a l o c a l  s t i f f e n i n g  as t h e  optimum r e s i z i n g  f o r  r e s i z i n g  
s t e p  j .  Then t h e  v i b r a t i o n  modes f o r  s t e p  j + l  would show a d e c r e a s e  i n  l o c a l  
deformation. If t h e  v i b r a t i o n  modes f o r  s t e p  j are used  fo r  s t ep  j+l, t h e  
excess  loca l  deformat ion  tends  to  re inforce  and  overes t imate  the  benef ic ia l  
e f f ec t  o f  t ha t  l oca l  s t i f f en ing .  Thus , in  the  absence  o f  modal updating, 
material t e n d s  t o  b e  added where t h e  f i r s t  r e s i z i n g  s t e p ,  w i t h  t h e  modes used, 
i n d i c a t e s  where it i s  most b e n e f i c i a l .  
Modal updating must not be confused with making t h e  modal mat r ix  a func- 
t i o n  of the design var iables .  This  aspect  of  modal iz ing w a s  r ecen t ly  in t ro -  
duced by Reference 12  and it is  formulated in  Reference 1. Determining each 
res iz ing  s tep  under  the  assumpt ion  of  cons tan t  modes ( i . e . ,  independent of the 
des ign  va r i ab le s ) ,  bu t  u s ing  upda ted  modes a t  each  r e s i z ing  s t ep ,  may under- 
estimate t h e  amount of material t o   b e  added  loca l ly  fo r  a c e r t a i n  amount of 
s t i f f e n i n g  i n  a p a r t i c u l a r  s t e p ,  b u t  it i s  no t  expec ted  to  cause  an  e r r a t i c  o r  
nonconvergent  res iz ing path.  
As important  as the frequency of  updat ing is on t h e  e f f i c i e n c y  o f  t h e  
Optimizat ion procedure,  the number of  modes used  to  do t h e  f i n a l  f l u t t e r  
a n a l y s i s  is more important from a general  point  of  view since it provides  the  
f i n a l  check  on the  op t imiza t ion  p rocedure .  In  the  op in ion  o f  t he  p re sen t  
i n v e s t i g a t o r s ,  a check f l u t t e r  a n a l y s i s  u s i n g  a p r o v e n . s u f f i c i e n t  number of  
v i b r a t i o n  modes of  the  f ina l  conf igura t ion  should  conclude  any  opt imiza t ion  
process .  If f l u t t e r  r e q u i r e m e n t s  are no t  m e t ,  t hen  a new opt imizat ion process  
can  be  in i t i a t ed  and ,  p robab ly ,  more modes or more frequent  updat ing,  or 
both ,  should  be  used .  
4 . 5  Recommendations 
I n  view of  exper ience  dur ing  the  present  s tudy ,  and  as a r e s u l t  o f  
expe r i ence  wi th  f lu t t e r  ana lyses  o f  ac tua l  a i rp l ane  des igns ,  t he  p re sen t  
i n v e s t i g a t o r s  recommend the  fo l lowing :  
1. A f l u t t e r  module s h o u l d  p r o v i d e  t h e  o p t i o n  o f  i n p u t t i n g  a r b i t r a r y  i n i t i a l  
modal iz ing matr ices  or of  gene ra t ing  in i t i a l  moda l i z ing  ma t r i ces  based  
on a v i b r a t i o n  a n a l y s i s  of t h e  i n i t i a l  c o n f i g u r a t i o n .  
2 .  The number o f  v i b r a t i o n  modes t o  b e  u s e d  f o r  t h e  f l u t t e r  c a l c u l a t i o n s  
should be an input  opt ion.  
3. The f requency   of   updat ing   the   v ibra t ion  modes should   be   an   input   op t ion .  
4. An op t ion  shou ld  be  inc luded  to  p rov ide  the  ana lys t  w i th  in fo rma t ion  to  
de te rmine  whether  h i s  choice  of  number of  modes and frequency of updating 
h a s  l e d  t o  s a t i s f a c t o r y  f l u t t e r  c h a r a c t e r i s t i c s .  Such  information  might 
be provided by a v i b r a t i o n  and f l u t t e r  a n a l y s i s  o f  t h e  f i n a l  c o n f i g u r a -  
t i o n   w i t h  more modes than were used throughout  the resizing process ,  
a c h e c k  o n  w h e t h e r  t h e  o p t i m a l i t y  c r i t e r i a  f o r  f l u t t e r  are s a t i s f i e d ,  
or other  check procedures .  
5 .  AFRODYNAMICS 
5 . 1  In t roduc t ion  
One o f  t h e  o b j e c t i v e s  o f  t h i s  s t u d y  i s  t o  d e v e l o p  g e n e r a l ,  e f f i c i e n t  a n d  
accurate  computat ional  procedures  for  evaluat ing the unsteady aerodynamic 
parameters  necessary  for  use  in  a f l u t t e r  o p t i m i z a t i o n  module, without, how- 
ever, evaluat ing aerodynamics theories .  
The procedure should be general .  That i s ,  it s h o u l d  b e  a p p l i c a b l e  t o  
a l l  p r e s e n t ,  and  hopefu l ly  fu ture ,  theore t ica l  formula t ions  of  uns teady  
aerodynamics. 
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The  procedure  should be efficient. In  the  context  of  application  in  a 
flutter  optimization  module,  this  implies  a  minimum  of  computational  operations 
required  to  recompute  the  generalized  aerodynamic  force  coefficients  each 
time a modal  updating  occurs. 
The  procedure  should be accurate. This implies  it  should be able  to 
accommodate  the  most  sophisticated  formulations of the  aerodynamics,  such 
that  the  aerodynamics  used  in  the  flutter  optimization  module  have  the  same 
accuracy  as the  aerodynamics  used  in  a  flutter  analysis  module. 
In the  following  section  general  background  for a matrix  formulation 
that  allows  a  procedure  satisfying  these  requirements  is  presented.  It  is 
followed  by  the  definition  of  the  formulation  and  a  discussion  of  how  the 
dimensions of the  matrices,  the  method  of  interpolation  for  modal  deflections 
and  arbitrary  values  of  the  reduced  frequency k, and  the  number  of  reduced 
frequency  intervals  to be considered  determine  the  sequence  of  operations 
that is most  efficient.  Conclusions  and  recommendations  regarding  the  aero- 
dynamics  subroutine  in  a  flutter  optimization  module  are  presented. 
5.2 General 
The  elements of the  matrix of generalized  aerodynamic  force  coefficients 
are  defined  by: 
Here  p.(x,y)  is the  lifting  pressure  distribution  associated  with  an 
J 
angle-of-attack  distribution.,  Q.(x,y) , which  is  defined  by: 
J 
which  expresses  as  the sum of - Z aZ v and - terms  in  the  case  of  harmonic 
motion  with  reduced  frequency k in  a  mode  defined  by fj (x,y). 
ffj ax 
Expressed  in  the  form of equation  (5.11,the  evaluation  of A requires 
evaluation  of  the  surface  integral  each  time  new  modes fi are  used. In  the 
usual  flutter  investigation  many  different  sets  of  modes  are  used,  corre- 
sponding  to  different  weight  and  stiffness  distributions.  In  addition  it  is 
expected  that  frequent,remodalization  is  required  in  an  optimization  procedure. 
ij 
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Thus it is advantageous t o  develop a method i n  which the general ized aerody-  
namic f o r c e  c o e f f i c i e n t s  are formed from a mode-independent pa r t  t ha t  con ta ins  
as many of  the  numer ica l  opera t ions  as poss ib l e ,  and a r e l a t i v e l y  s i m p l e  
mode-dependent p a r t .  
Four di f fe ren t  approaches  are r ecogn ized  in  sepa ra t ing  mode-independent 
operations from mode-dependent opera t ions .  One method r e l i e s  e n t i r e l y  on 
a n a l y t i c a l  e v a l u a t i o n  of t h e  s u r f a c e  i n t e g r a l  ( E q u a t i o n  (5.1) ) . A second 
method formulates  a numer i ca l  eva lua t ion  o f  t he  su r face  in t eg ra l  l ead ing ,  
e f f e c t i v e l y ,  t o  "lumped" aerodynamic fo rces  at a g r i d  o f  i n t e g r a t i o n  p o i n t s .  
I n  a t h i r d  method p r e s s u r e  d i s t r i b u t i o n  modes are a n a l y t i c a l l y  i n t e g r a t e d  
over  small areas  and combined into elementary aerodynamic forces  direct ly  
comparable t o ,  a n d  t r e a t e d  as, i n e r t i a l  f o r c e s .  The f o u r t h  method recognized 
i s  based on a f in i t e  e l emen t  approach ,  t he  bas i c  fo rmula t ion  o f  which has no 
r e f e r e n c e  t o  p r e s s u r e  d i s t r i b u t i o n s  o v e r  t h e  e n t i r e  s u r f a c e .  
The f i r s t  t h r e e  methods a re  usua l ly  thought  of as stemming from t h e  
kernel  funct ion approach of Reference 13. I n  it t h e  p r e s s u r e  d i s t r i b u t i o n  
p (x ,y )  is  assumed t o  b e  a l inea r  combina t ion  o f  p re s su re  d i s t r ibu t ion  modes 
J 
J J 
The p res su re  mode c o e f f i c i e n t s  a are  determined  from a boundary n 
cond i t ion  r equ i r ing  tha t  t he  no rma l i zed  induced  ve loc i ty  d i s t r ibu t ion  r e su l t -  
i ng  from the  p re s su re  d i s t r ibu t ion  equa l s  t he  ang le -o f -a t t ack  d i s t r ibu t ion  a t  
a s e t  of downwash c o l l o c a t i o n  p o i n t s :  
j 
Combining equat ions  (5.3) and (5 .4)  l e a d s  t o  
where the  e lements   of   matr ix  [PKI] a r e  t h e  i n t e g r a l s  of the  product   of  
p r e s s u r e  d i s t r i b u t i o n  mode and an aerodynamic kernel. 
The columns of  [p"] are l inea r ly   i ndependen t   p re s su re   d i s t r ibu t ion  
modes. 
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5.2.1 A n a l y t i c a l   I n t e g r a t i o n  - When p . ( x , y )  i s  a l inear   combina t ion  of 
J 
p r e s s u r e   d i s t r i b u t i o n  modes p n ( x , y ) ,   a n a l y t i c a l  modal  functions ' fk (x ,y )  
can be s e l e c t e d  s u c h  t h a t  the i n t e g r a l s  l J f k ( x , y )  p n ( x , y )  dx dy can be 
eva lua ted  ana ly t i ca l ly .  Gene ra l i zed  ae rodynamic  fo rce  coe f f i c i en t s  i n  terms 
of modal coordinates  can then be formed. The a n a l y t i c a l  modes can be u s e d .  
as arbitrary modes t o  modalize the f l u t t e r  e q u a t i o n ,  or a mode-dependent 
t r ans fo rma t ion  be tween  the  ana ly t i ca l  modes and t h e  a c t u a l  modes is used t o  
expres s  the  gene ra l i zed  ae rodynamic  fo rce .  coe f f i c i en t s  i n  terms o f  t h e  a c t u a l  
modal coord ina tes .  
5.2.2 Numerical  Integrat ion of  the Product of Displacement and Pressure - 
Reference 1 2  defines an approach to separating mode-independent operations 
from mode-dependent o p e r a t i o n s  i n  which the  s u r f a c e  i n t e g r a l  o f  e q u a t i o n  (5.1) 
i s  evaluated numerical ly .  A Gaussian integrat ion procedure is  sugges t ed  to  
evaluate the i n t e g r a l .  The p r e s s u r e   p j   ( x , y )  and the  de f l ec t ion   h i (x ,y )  
are eva lua ted  a t  in t eg ra t ion  po in t s  de f ined  by  t h e  Gaussian procedure. 
W e i g h t i n g  f a c t o r s  i n  t h e  form  of a row mat r ix ,  LwFJ, make it p o s s i b l e  t o  
write : 
The r igh t  hand  s ide  o f  equa t ion  (5 .6 )  can be w r i t t e n  as: 
The in te rchange  of  t h e  row and d iagonal  mat r ix  in  the  l a t t e r  p a r t  o f  t h e  
combined equat ion ( 5 . 7 )  makes it p o s s c b l e  t o  s e p a r a t e  t h e  mode-dependent 
operations from the mode-independent operations. 
' The column ma t r ix  P F . ~ ~ }  is a s e t  of lumped  aerodynamic fo rces .  The 
def lec t ions   h i   can   be   xpressed   in  terms of the de f l ec t ions  z a t  t h e  i 
s t r u c t u r a l  nodes by t h e  r e l a t i o n .  
A v a r i a t i o n  o f  t h i s  method i s  obta ined  i f  i n s t e a d  o f  t h e  p r e s s u r e  
d i s t r i b u t i o n  t h e  v e l o c i t y  p o t e n t i a l  d i s t r i b u t i o n  9. ( x s y )  d u e  t o  a n  
J 
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ang le -o f -a t t ack   d i s t r ibu t ion  a. (x,y) is used. With t h e  familiar l i n e a r i z e d  
r e l a t ion  be tween  p res su re  and  ve loc i ty  po ten t i a l :  
1 
p = - 2 ( g  + ik.) (5.9) 
equat ion (5.1)  becomes: 
It can be shown tha t  w i th  the  he lp  o f  numer i ca l  t echn iques  equa t ion  (5.10) 
. . .I_ , I 
c a n   b e   w r i t t e n  as: 
where [WF] performs  numerical ly   the f irst  i n t e g r a t i o n   i n   e q u a t i o n   ( 5 . 1 0 )  and 
[ W F D ] .  p e r fo rms  the  d i f f e ren t i a t ion  and i n t e g r a t i o n  i n  t h e  s e c o n d  term o f  t h a t  
equation.  Equation (5.11)  i s  a t r i p l e  m a t r i x  p r o d u c t ,  similar t o  equa- 
t i o n  ( 5 . 7 ) ,  i n  which t h e  c e n t e r  m a t r i x  is mode independent .  For  addi t ional  
d e t a i l s  see Reference 1. 
5.2.3  Numerical   Integrat ion  of   the  Pressures  - When p . ( x , y )  is a l i n e a r  
combina t ion   of   p ressure   d i s t r ibu t ion  modes p n ( x , y ) ,  t h e  i n t e g r a l  
$$pn(x,y) dx dy can be evaluated over small areas, o f t e n  r e f e r r e d  t o  as 
aerodynamic  boxes,   into  which  the  surface is d iv ided .  By eva lua t ing  
/$x pn(x ,y)  dx  dy and $$y p (x ,y )  dx  dy ove r   t he  same areas, lumped 
J 
n 
aerodynamic forces  can be determined in  magnitude and locat ion.  The modal 
displacement a t  the  loca t ion  o f  each  lumped f o r c e  ( i . e . ,  for each aerodynamic 
box  and  each p"( x ,y)>  can  be expres sed  in  terms o f  t h e  s t r u c t u r a l  d e g r e e s  
of  freedom. Thus the product  of  each lumped force  and  i t s  modal displacement 
can be formed.  Summation over  the aerodynamic boxes and the pressure dis-  
t r i b u t i o n  modes p a r t i c i p a t i n g   i n   p .   ( x , y )   l e a d s   t o  A . 
J i d  
5.2.4  Finite  Element  Approach - I n  a f in i te  e lement  approach ,  lumped  aerody- 
namic forces   cor responding   to  [WF*pj] (see equat ion (5 .7 ) )  are expressed 
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d i r e c t l y   i n   t e r m s   o f   a n g l e - o f - a t t a c k   d i s t r i b u t i o n s  kj) under   appropr ia te  
s impl iming   assumpt ions .  The general ized  aerodynamic  force  coeff ic ients  are 
formed as i n  S e c t i o n  5.2.2.  
5.3 Basic  Formulation 
Whatever the approach,  o r  wh,atever aerodynamic theory is  chosen,  the 
genera l ized  aerodynamic  force  coef f ic ien ts  in  terms of  modal coord ina tes  
can  be 'expressed  as the  product  of  f ive matrices of which only the f irst  and 
last are mode-dependent: 
(5.12) 
The mat r ix  [AIC] = [AIC(k)]  , a funct ion  of the  reduced  frequency 
k =-  a' and the  Mach number, i s  the core of the aerodynamics and i s  independent v 
of  mode shape. Its elements   are   basic   aerodynamic  inf luence  coeff ic ients  
def in ing  lumped  aerodynamic fo rces  {Za} at an  aerodynamic  force  grid  in 
terms of the  ang le s  o f  a t t ack  a t  downwash co l loca t ion  po in t s :  
displacements ( z }  . It i s  independent  of mode shape. 
The ma t r ix  [.3' i s  independent of k and of mode shape,   and  dis t r ibutes  
lumped aerodynamic forces and moments ove r  t he  s t ruc tu ra l  coord ina te s .  
I n  t h e   c a s e   t h a t   t h e   a p p r o a c h   o f   S e c t i o n  5.2.1 i s  followed, [AIC] i s  
the  ma t r ix  of genera l ized  aerod  namic f o r c e  c o e f f i c i e n t s  i n  t e r m s  o f  the 
a n a l y t i c a l  modes; [HI and [Wj are e q u a t e d   t o  
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where  columns o f  [fe (x,y)] are t h e   f i x e d   a n a l y t i c a l  modes. The matr ix  [F] 
is independent of k and of t h e  a c t u a l  mode shapes  used  to  reduce t h e  o r d e r  
of t h e  f l u t t e r  equat ion .  
The operations  performed  by [W] and [HI' may be i n c l u d e d   i n  [AIC]. 
Equat ion (5.12)  then reduces to  the product  of  three matrices. 
The matri? [Z] con ta ins  the  modal  columns i n  terms o f  t h e  s t r u c t u r a l  
The mat r ices  [AIC],  [HIT and [W] are constant   during  an  opt imizat ion 
d e f l e c t i o n s  (z}. 
, . .  . 
procedure.  They w i l l  be  used many times dur ing  the  des ign  process  of  an  air- 
plane with a g iven  ex te rna l  conf igu ra t ion .  It is  the re fo re  advan tageous  to  
form t h e s e  m a t r i c e s  i n  a special aerodynamics computer program. 
Each time dur ing  an  opt imiza t ion  procedure  tha t  a remodal izat ion takes 
p lace ,  Fi j] must be recomputed.  Depending on the dimensions of  the matr ices  
i n  e q u a t i o n  ( 5 . 1 2 ) , i t  may b e  more e f f i c i e n t  t o  compute t h e  t r i p l e  m a t r i x  
product 
[HAW] = c.3' [.IC] [I.3 (5 .15)  
i n  t h e  aerodynamics program, o r  t o  perform one o r  bo th  o f  t he  mul t ip l i ca t ions  
[E]T[H]T and [W][Z] i n   t h e   o p t i m i z a t i o n  program. 
I n  t h e  f o l l o w i n g  s e c t i o n s  f a c t o r s  are d i s c u s s e d  t h a t  must be considered 
in   determining  which  approach  tonumerical ly   evaluat ing  according  to
equat ion (5.12)  i s  most e f f i c i e n t .  
5.4 Fac tors  Affec t ing  The Eff ic iency  of  The Numerical Evaluation of The 
Matrix of Generalized Aerodynamic Force  Coeff ic ien ts  
It i s  be l i eved  tha t  t he  fo rmula t ion  
pij] = [ZIT p] [ E ]  
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which fol 
indus t ry .  
d i r e c t l y  
.lows from combining equations (5.12) and (5.15) ,  is widely u s e d  i n  
follows from Reference 12, however,  indicates that  there are condi- 
Detailed study of the formulation of equation (5.121, which 
t ions  under  which it i s  more e f f i c i e n t  t o  compute [Z]'[.3' and/or [W][E] 
i n  t h e  f l u t t e r  o p t i m i z a t i o n  module. Extensive comparisons have been made 
and are d i s c u s s e d  i n  d e t a i l  i n  R e f e r e n c e  1. I n  t h e  f o l l o w i n g  t h e  f a c t o r s  
a f fec t ing  these  compar isons  are discussed and major conclusions are presented.  
5.4.1 'Matr ix  Populat ion - When mat r ices  are sparsely populated,  or populated , 
i n  well def ined  b locks ,  p roper  programming can take advantage of t h i s .  
In   equa t ion   (5 .12 )   t he   ma t r i ces  [W] and [H] may be sparsely  populated.  
These  matr ices   perform  an  interpolat ion  and [W] , i n   add i t ion ,   de t e rmines  
streamwise s lopes  at c o l l o c a t i o n  p o i n t s .  I n  the  case o f  s imple  in t e rpo la t ion  
( l i n e a r  o r  low degree polynomial) ,  each row i n  [W] expresses  the  angle  0.f 
a t t a c k  a t  a downwash c o l l o c a t i o n  p o i n t  i n  terms of several surrounding s t ruc-  
t u ra l   coo rd ina te s .   S imi l a r ly ,   each  row of  [H] exp res ses   t he   de f l ec t ion  a t  
a n  i n t e g r a t i o n  p o i n t  i n  terms o f  seve ra l  su r round ing  s t ruc tu ra l  coord ina te s .  
Thus each row i n  [W] and [ H ]  c o n t a i n s   r e l a t i v e l y  f e w ,  say  < 20, nonzero 
e l emen t s ;  fo r  l i nea r  i n t e rpo la t ion  each  row contains four nonzero elements 
I n  t h e  c a s e  o f  i n t e r p o l a t i o n  b y  t h e  s u r f a c e  s p l i n e  method, t he  ma t r i ces  [ W j  
and [H] are fu l ly  popu la t ed ,  a t  least  i n  t h e  b l o c k s  that  cover   the  aero-  
dynamic su r faces .  
Wi thou t  spec i f i c  s t i pu la t ions , equa t ion  (5.16) i m p l i e s  t h a t  t h e  o r d e r  o f  
t he   ma t r ix  [HAW] equals  t h e  number o f   s t r u c t u r a l   c o o r d i n a t e s .  There may 
be  a cons iderable  number o f  s t r u c t u r a l  c o o r d i n a t e s  that do not  carry an aero-  
dynamic load .  They cor respond  to   zero   e lements   in  [HAW]. It i s  not   expected 
t h a t  t h e  f r a c t i o n  o f  n o n z e r o  e l e m e n t s  w i l l  be high enough t o   j u s t i m   t r e a t i n g  
[HAW] es a sparse   mat r ix .  However, by   p rope r   o rde r ing   o f   t he   s t ruc tu ra l  
coordinates ,  the nonzero elements  in  [HAW] may be  concen t r a t ed  in  one or 
more blocks.  Then t h e  aerodynamics  program may form [HAW] based on  aerody- 
namic load   ca r ry ing   s t ruc tu ra l   coo rd ina te s   on ly .   Cor re spond ing ly ,   t he   f l u t t e r  
op t imiza t ion  module  must e l i m i n a t e  s t r u c t u r a l  c o o r d i n a t e s  t h a t  c a r r y  no aero- 
dynamic load  from the  modal iz ing  mat r ix  [Z] . 
5 .4 .2   In t e rpo la t ion   fo r   Arb i t r a ry  k Value - It i s  gene ra l ly   accep ted   t ha t  
when the  genera l ized  aerodynamic  force  coef f ic ien ts  are de termined  for  a 
d i s c r e t e  s e t  o f   va lues ,  kt, of   the  reduced  f requency,   A. . (k  ) i n t e r -  
p o l a t i o n  i s  adequate   for   approximating p i j ( k ) ]  at a r b i t r a r y   v a l u e s   o f   k .  
Two methods  of  interpolation are considered:  cubic  polynomial  and  cubic 
s p l i n e .  
L J  1 1  
can  lead  to  "hunt ing"  (osc i l la t ion  be tween k v a l u e s  i n  a d j a c e n t  i n t e r v a l s ) .  
where  [Aij(k,)] i s  the   der iva t ive   o f   [ IAi j (k) ]   eva lua ted  at k=k e *  
is  a n  i n p u t  t o  t h e  i n t e r p o l a t i o n  s u b r o u t i n e .  Thus t h e  d i f f e r e n c e  
between  equations (5.19) and  (5.20) i s  t h a t  i n  e q u a t i o n  (5.19) d i f f e r e n t i a t i o n  
occurs after the polynomial f i t  and in  equa t ion  (5 .20 )  it occurs  before  the  
polynomial f i t .  The formation  of A. . (k  ) i n   t h e   f l u t t e r   o p t i m i z a t i o n  
module i s  based on equation ( 5.12) , equat ion (5.16) or  any v a r i a n t  t h a t  i s  
chosen as be ing  most appropr ia te .  The de r iva t ive  [AICI  (k)] or [HAW' (k)] is  
L J  Q I  
needed  and  should  be  ca lcu la ted  outs ide  the  f lu t te r  op t imiza t ion  module by 
any method that  gives  adequate  accuracy.  
To de f ine  [Aij (k)]  and ["lj ( k ) ]   i n  one  k i n t e r v a l ,   f o u r   m a t r i c e s  
[AIC(kQ)]  and four  matrices  AIC'(k ) , or four   of   each  of   the  matr ices  
[HAW( k)]  and [HAW' (k) ]  mus t  be  input  in to  the  f lu t te r  op t imiza t ion  module. 
If [AIC(k)]  and  [AIC'(k)]  are  input,  [Aij(k)]  follows  from  equation  (5.12). 
pij (E)] i s  given by: 
[ Q I  
[Ai j (k) ]  = [Z]TIH]TIAIC'(ki] [.1[E] + i[Z]'[HIT[AIC(kj [D!Z][Z] . (5 .21)  
If k moves t o  an  ad jacent  in te rva l  on ly  two of  the  input  mat r ices ,  one  
fo r  t he  ae rodynamics  coe f f i c i en t s  and  one  fo r  t he i r  de r iva t ives ,  need  be 
rep laced  . 
It should be n o t e d  t h a t ,  i n  e f f e c t ,  e a c h  k i n t e r v a l  h a s  i t s  own 
as soc ia t ed  po lynomia l s  fo r  t he  va lue  o f  [Aij (k)]  and i ts  de r iva t ive .  ' 
The cub ic  sp l ine  method a l so  def ines  d i f fe ren t  cubic  polynomia ls  for  
each k i n t e r v a l .  The coe f f i c i en t s   fo r   t he   po lynomia l ,  however, are der ived 
from'matrices  defined  for  all k values ke, .f?= 1,2 . . . n.  They  follow 
from  the  assumption  of  continuity  of  derivatives  over  the  complete  range of 
k values.  The  resultant  expression,  e  .g.,  for [AIC( k)] is: 
I 
The  matrices [MCeo] to [AICe3]  should be formed  outside  the  flutter 
optimization  module. 
Then : 
bij (k)] = [Axe0] +[Axel] (k-ke) + [AXe2] (k-kel2 + [ AXe3] (k-ke + 
(5.23) 
[AZeo] ik + [Ugl] ik(k-ke) + pe2] ik(k-ke) 2 + [A!Ze3] ik(k-ke) 3 
where 
[AXeo] = [E]'[.]' [AICeo] lp.3 [Z] etc., 
and 
[AZeo] = [ElT[H]' [AICeo] F Z ]  [Z] etc . , 
Because of the  implied  continuity of the  derivatives,  it  is  proper  to 
differentiate  equation  (5.23)  directly  and  thus  no  additional  matrices  for 
the  derivative  need  to be formed. 
To  define [I.i (k)] and ["fj (k)] in  one k interval  if  the  aerody- 
namics  input  is [AIC~,] to [.Ice3] requires  eight  coefficient  matrices. 
Switching k to any  other  interval  requires  replacing  all  eight  matrices. 
If the  basic  aerodynamics  input  is  in  the  form  of [mb7eo] to [uwe3]  
then  only  four  coefficient  matrices  are  needed  for  each k interval. 
5.4.3 Number  of k Intervals - Let  the  basic  aerodynamics  input  into  the 
r - 
flutter  optimization  module  be  HAW(k ) ; the  number  of k intervals  to  be 1 e l  
considered  is 1 . 
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For the cubic  polynomia1,Lagrange’s  interpolat ion formula is considered 
t o  b e  most e f f i c i e n t  s i n c e  it expresses b i j ( k ) ]  d i r e c t l y  i n  terms of  its 
value [Aij(k”)l at d i s c r e t e  values k t  , e = 1, 2, 3, 4: 
where L l ( k )  i s  def ined  by: 
a n d   c y c l i c   s u b s t i t u t i o n   l e a d s   t o  L2, x3 and Z4. 
The in t e rpo la t ion  fo rmula  (5 .17)  is  u s e d  o n l y  f o r  t h e  i n t e r v a l  k2< k < k  3‘ 
For t h e  i n t e r v a l  k < k < k 4  t h e  i n d e x  k? .must be  increased  by  one  and  for  3 
k < k < k2 t he  index  must be lowered by one. 1 
Since most  methods of  opt imizat ion require  the computat ion of  the der iv-  
a t ive  of  the  aerodynamics  mat r ix  wi th  respec t  to  k ,  the  format ion  of  the  
d e r i v a t i v e ,  A!  . ( k )  , must be considered.  
[ I 1 5  1 
Di f fe ren t i a t ing   equa t ion  (5.17) w i t h   r e s p e c t   t o  k l e a d s   t o   a n  
expression:  
t h a t  i s  based on t h e  same aerodynamic  matrices as equat ion  (5 .17) .  This 
approach,  however,  combined  with  the  re-indexing  of kl as k moves t o  an 
a d j a c e n t   i n t e r v a l ,   l e a d s  t o  jumps i n   t h e   v a l u e   o f  [.;(k)l a t  a l l  values  
k=ke.  Apart  from  considerations of accu racy ,  t h i s  is  undes i r ab le  s ince  it 
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If cubic  polynomial 
and [HAW'( kt )] must be 
[Z] to  form  the 2(1+3) 
Lagrange's  interpolation 
input  and 
matrices 
formula. 
interpolation  is  used, (1+3)  matrices 
. pre-  and  postmultiplied  by [ZIT and 
ki (kt )] and ( k1 )] needed in 
If cubic  spline  interpolation is used, 41 matrices [mweO] to [m'13] 
must be'input and  pre-  and  postmultiplied  by [ZIT and [E] to  form 41 
coefficient  matrices [Aeo] to [.e3]* 
Under  otherwise  equal  circumstances,  polynomial  interpolation  is  more 
efficient  if 
This  condition  is  valid  for  other  sequences  of  operations  to  form 
[Aij(k)] according  to  equation (5.12). However,  there  are  also  sequences 
for  which 1 2 4 o r  1 2 5 is  required  for  cubic  polynomial  interpolation 
to  be  more  efficient  than  cubic  spline  interpolation. 
The  number  of  intervals  that  should  be  used is difficult  to  predict. 
If only  one  flutter  constraint  is  active,  k  may  stay  within  a  rather  small 
range  during  the  entire  optimization  process  and  that  range  may  lie  completely 
within  one k interval.  Obviously  only  aerodynamic  matrices  applicable  to 
that  one k interval  need be computed. In general,  however,  several k 
intervals  are  required. 
5.4.4 Sequence  of  Multiplications - Defining  one  computational  operation  as 
one  multiplication  and  one  addition,  the  numbers  of  such  operations  required 
inside  the  flutter  optimization  module  for  different  sequences  of  multiplica- 
tions  in  equation (5.12) have  been  determined  and  compared. 
The  following  options  have  been  considered;  the  numerals  indicate  the 




H 3  : 
H 4  : 
H 5  : 
[ Aij] = [E]' - [.IT [ . IC] - [.I [z] 
[ Aij] = [Z]' PIT [.IC] - b] [F] 
3 
[AIC] [W] = [AW] is  computed  outside  the  flutter  optimization 
module 
[Aij] = [ZIT - [.3' [..3 [Z] 
1 2 
3 
[HIT [AIC] = [HA] is  computed  outside  the  flutter  module 




[HI' [AIC] [W] = [HAW] is  computed  outside  the  flutter  module 
Pij] = [TIT [HAW] [E] 
The  number of computational  operations  is  independent of sequence of 
multiplications in H 5 .  
32 
Formulas defining the number of numerical  operations have been derived 
and are  repor ted  in  Reference  1. No opt ion  s tands  out  as c l e a r l y  s u p e r i o r  
or i n f e r i o r   t o  a l l  o t h e r s ,  b u t  some comments are o f f e r e d  i n  S e c t i o n  5.5. 
5.4.5 Form of Inputting the Angle-of-Attack Generating Matrix - I n  t h e  p r e -  
v ious  sec t ion  the  opt ions  are defined as i f  one  complex ma t r ix  [tT(k)] was 
input  for  each value of k. Suboptions of  the opt ions that  require  input t ing 
[I!] can  be  obta ined  by  cons ider ing  the  def in i t ion  of  [IT]. 
[W(k)] = [[DX] + i k  [DZ]] 
Thus i n  o p t i o n s  H1, H2 and H4  an "a" and a "b" vers ion can be recognized. 
I n  t h e  "a" vers ion  [W(k)] i s  i n p u t   f o r   s e v e r a l  k v a l u e s .   I n   t h e  "b" 
v e r s i o n   t h e  real matr ices  [DX] and [DZ] are inpu t .  
Whether op t ion  ?'a''. i s  more e f f i c i e n t  t h a n  o p t i o n  "b" depends on t h e  
o t h e r  f a c t o r s .  I n  t h e  c a s e  o f  o p t i o n  H1 it seems t h a t  Hla is favored i f  
i n t e r p o l a t i o n  for def l ec t ions  is held simple.  Option Hlb i s  favored i f  
s u r f a c e  s p l i n e  i n t e r p o l a t i o n  is used. If t h e  "a" option is used and the 
der ivat ive  of   the   aerodynamics  matr ix  is needed,  matrix [DZ] must be 
input  anyway. 
5.5 Summary of  Comparisons 
Detailed comparison of the options H 1  through H 5  i s  repor ted  in  Refer -  
ence 1. The following summarizes the  comparisons. 
5.5.1 Input  Storage  Requirements - If t h e  number of  k i n t e r v a l s  t o  be used 
is t h r e e  or more ,  cubic  polynomia l  in te rpola t ion  for  a rb i t ra ry  va lues  of k 
r equ i r e s  less i n p u t  s t o r a g e  t h a n  c u b i c  s p l i n e  i n t e r p o l a t i o n  f o r  a l l  opt ions 
H1 through H5.  
5.5.2 Core Space - For options H 5  and H 3 ,  cubic  polynomia l  in te rpola t ion  
f o r  k r equ i r e s  two times as much core  space  as   cubic   spl ine  interpolat ion.  
For all o the r  op t ions ,  bo th  methods  of  in te rpola t ion  requi re  the  same core 
space. 
5.5.3 Read-In - Cubic   po lynomia l   i n t e rpo la t ion   fo r   a rb i t r a ry  k r equ i r e s  
l e s s  r e a d - i n  t h a n  c u b i c  s p l i n e  i n t e r p o l a t i o n  as the  va lue  of  k moves i n t o  
an a d j a c e n t  i n t e r v a l .  
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5.5.4 Number of Computational Operations - Cubic polynomial  interpolat ion 
f o r  a r b i t r a r y  v a l u e s  of k requires   fewer   computat ional   operat ions  than  cubic  
sp l ine  in t e rpo la t ion  unde r  the  fo l lowing  cond i t ions :  
op t ions  H3 and H5: i f  t h e  number  of k i n t e r v a l s  i s  more than   t h ree .  
options H1 and H4: i f  t h e  number of k i n t e r v a l s  is more than   four .  
op t ion  H2: i f  t h e  number of k i n t e r v a l s  is more t h a n   f i v e .  
Which o f  t he  op t ions  H1 through H5 i s  most e f f i c i e n t  depends s t rong ly  on 
the dimensions of the matrices.  These,  in turn,  depend on t h e  d e s i r e d  accu- 
racy, and t h e  methods used for integrating or lumping the aerodynamic pressures 
and  in t e rpo la t ing  and d i f f e r e n t i a t i n g  t h e  s t r u c t u r a l  d i s p l a c e m e n t s .  
Let M be t h e  number of modes, N t h e  number  of s t r u c t u r a l   c o o r d i n a t e s  
before  modalizing, D t h e  number of downwash c o l l o c a t i o n   p o i n t s  and K t h e  
number o f  i n t e g r a t i o n  p o i n t s .  Then equat ion (5.12) can be annotated as follows: 
[Aij] = [ZIT [.I' P C ]  p] [E] 
M,N N,K K,D D,N N,M 
(5.33) 
From t h i s   e q u a t i o n  it can   be   seen   tha t  i f  K and D a r e  small compared 
wi th  N it becomes advantageous t o  pe r fo rm  the   mu l t ip l i ca t ions  [ZIT ["I' 
and [IT] [E] i n   t h e   f l u t t e r   o p t i m i z a t i o n  module. If K and D a re   qua l  
t o  N o r  l a r g e r ,  t h e n  it becomes advantageous t o  form the  product  
[HIT [AIC] [IT) o u t s i d e   t h e   f l u t t e r  module. The r e l a t i o n s h i p s   d e f i n i n g  
when an opt ion  i s  be t te r  than  another  a re  compl ica ted .  They a r e  documented 
i n  d e t a i l  i n  R e f e r e n c e  1, bu t  t hey  have  no t  l ed  to  s imple  c r i t e r i a .  
5.6 Conclusions  and Recommendations 
The preceding  sec t ions  lead  to  the  fo l lowing  conclus ions :  
1. Formulation of the  general ized  aerodynamic  forces  i n  t h e  form 
i s  poss ib l e  and  p rac t i cab le  fo r  a l l  approaches to  determining unsteady 
aerodynamic forces. 
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2. Seve ra l   op t ions   o f   i npu t t ing   t he   ma t r i ces  [HI' , [AIC(k)] ' , and 
. I  
[W( k)] = [DX] + ik[DZ] can be recognized, i .e. , s e p a r a t e l y  , after m u l t i -  
p l i c a t i o n ,  i n  the form o f  c u b i c  s p l i n e  m a t r i c e s ,  o r  i n  d e r i v a t i v e  form. 
Which opt ion  i s  most e f f i c i e n t  depends strongly on s i z e s  o f  t h e  m a t r i c e s ,  
whether  the  der iva t ive  of  t h e  aerodynamics matrix is needed, t h e  method 
o f   i n t e r p o l a t i o n   f o r   a r b i t r a r y   k ,  the popula t ion   of   the   mat r ices  [ H I  
and [W] and   the  number of k i n t e r v a l s   e x p e c t e d   t o  be ac t ive   du r ing  
the  opt imiza t ion  process .  
3. In   add i t ion   t o   depend ing  on the  number of   computa t iona l   opera t ions-  I . 
/ 1 . .  , _  ai . ' . .  
r e q u i r e d  t o  form . A. . ( k )   t h e   e f f i c i e n c y   o f   t h e   f l u t t e r   o p t i m i z a t i o n  
process may a l s o  depend on t h e  r e q u i r e d  i n p u t  s t o r a g e ,  t h e  p o s s i b i l i t y  
o f  s t o r i n g  a l l  mat r ices  requi red  for  in te rpola t ion  of  the  aerodynamics  
f o r  k i n  one in t e rva l  i n  co re ,  and  the  r ead - in  r equ i r ed  i f  t h e  v a l u e  
of  k moves t o   a n   a d j a c e n t   i n t e r v a l .  
[lJ 1 
4 .  It i s  p o s s i b l e  t o  d e s i g n  a f l u t t e r  o p t i m i z a t i o n  module t h a t  i n c l u d e s  a l l  
options such that  t h e  user  can  choose  the  opt ion  tha t  i s  most e f f i c i e n t ,  
t h a t  f i t s  h i s  a v a i l a b l e  data or tha t  he p r e f e r s  f o r  some o ther  reason .  
I n  view of t h e  above conclusions the following recommendation is  made: 
In  des igning  a f l u t t e r  o p t i m i z a t i o n  module f o r  a f a c i l i t y ,  the c a l c u l a t i o n  
o f  t he  gene ra l i zed  ae rodynamic  fo rce  coe f f i c i en t s  and  the i r  derivatives should 
be based on the  fo rmula t ions  p re sen ted  in  th i s  s ec t ion .  Tha t  i s ,  a mode- 
independent  par t  should  be  genera ted  outs ide  the  f lu t te r  op t imiza t ion  module 
l eav ing  an o f t e n  t o  be repea ted  mode-dependent p a r t  o f  the c a l c u l a t i o n s  t o  be 
pe r fo rmed  ins ide  the  f lu t t e r  module. The number of  opt ions is  large and it 
may n o t  b e  p r a c t i c a b l e  t o  i n c l u d e  a l l  o p t i o n s  i n  t h e  f l u t t e r  module. The 
choice  of   opt ions i s  f a c i l i t y  d e p e n d e n t .  C e r t a i n  p r a c t i c e s  o f  g e n e r a t i n g  
general ized aerodynamic force coeff ic ients  may a l r e a d y  e x i s t  a n d  t h e  e x i s t i n g  
computer  system may i n f l u e n c e  t h e  c h o i c e  s i g n i f i c a n t l y .  The module,  however, 
should allow the  use r  cons ide rab le  freedom in  choos ing  the  opt ion  tha t  i s  most 
e f f i c i e n t  f o r  h i s  problem. The number o f  op t ions  to  be included should be 
decided on the  basis o f  a s t and-a lone  f lu t t e r  op t imiza t ion  module. It should 
not  be r e s t r i c t e d  b e c a u s e  o f  t h e  module be ing  pa r t  o f  a gene ra l  ana lys i s  sys t em 
which a t  p re sen t  has only  a res t r ic ted  choice  of  ou tput t ing  aerodynamic  
c o e f f i c i e n t s .  
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6. METHODS  OF OPTIMIZATION  FOR  FLUTTER 
6.1 General 
I n  t h i s  s e c t i o n  f i v e  a p p r o a c h e s  t o  s t r u c t u r a l  o p t i m i z a t i o n  w i t h  f l u t t e r  
c o n s t r a i n t  are reviewed. A l l  f ive  b e l o n g  t o  t h e  c a t e g o r y . o f  d i r e c t  methods'; 
i .e .  methods i n  which t h e  mathematica1,formulation d e f i n e s  r e s i z i n g  s t e p s  
aimed d i r e c t l y  at determining the extreme value of  the object ive funct ion,  
i n  t h i s  c a s e  m i n i m i z i n g  t h e  s t r u c t u r a l  mass. I n  c o n t r a s t ,  i n  t h e  i n d i r e c t  
methods the  mathemat ica l  formula t ion  def ines  res iz ing  s teps  aimed at satisf'y- 
ing  a c r i t e r i o n  t h a t ,  when s a t i s f i e d ,  i n d i c a t e s  t h a t  t h e  optimum condi t ion  
i s  reached. 
The f i v e  methods reviewed represent  dis t inct ly  different  mathematical  
formulat ions.  They are ,  i n   t h e   o r d e r  of review:  the  gradient  methods  of 
Rud i s i l l  and  Bhatia (Reference 14), the  weight  grad ien t  method of  Simodynes 
(Reference 151, a pena l ty  func t ion  method (Reference 1 6 ) ,  a method of 
f e a s i b l e  d i r e c t i o n s  ( R e f e r e n c e  17), and a method tha t  evolved  *om t h e  method 
of  Incremented Flut ter  Analysis  (References 4 and 18) .  A l l  are  formulated 
under  the assumption of  modal izat ion matr ices  that  are independent of the 
des ign  va r i ab le s  , but  can be updated a t  any r e s i z i n g  s t e p .  
I n  a d d i t i o n  t o  t h e  q u a l i t a t i v e  e v a l u a t i o n  o f  t h e  methods presented i n  
t h i s  s e c t i o n  t h e r e  i s  a numerical  evaluat ion and comparison in  Appendix A .  
I n  tha t  append ix  the  r e su l t s  are presented  of  apply ing  these  methods  to  an  
o p t i m i z a t i o n  t a s k  i n  which t h e  f l u t t e r  e q u a t i o n  i s  w r i t t e n  i n  terms of 49 
discrete  degrees  of  f reedom and i s  not modalized. 
6.2 Rudis i l l -Bhat ia  Approach 
Reference 1 4  d e f i n e s  f o u r  d i f f e r e n t  r e s i z i n g  columns t h a t  a l o n e  or i n  
combination can be used to design a minimum weight,  or near minimum weight,  
s t r u c t u r e  t h a t  s a t i s f i e s  a f l u t t e r  s p e e d  c o n s t r a i n t .  The r e s i z i n g  columns 
are d e f i n e d  i n  terms of   incrementa l   va lues ,   APi ,   o f   the   des ign   var iab les  
Pi.  (The  notation  of  Reference 1 4  is  fol lowed.)   Three  of  them invo lve   t he  
g r a d i e n t  o f  t h e  f l u t t e r  s p e e d  w i t h  r e s p e c t  t o  t h e  d e s i g n  v a r i a b l e s .  I n  con- 
nec t ion  wi th  th i s ,  Reference  14 presen t s  c losed  form ana ly t i ca l  expres s ions  
f o r  t h e  d e r i v a t i v e  o f  t h e  f l u t t e r  s p e e d  w i t h  r e s p e c t  t o  a des ign  va r i ab le .  
These expressions have been used successful ly  in  numerical  t es t  cases  per-  
formed during this  s tudy.  Numerical  values  of  the der ivat ives  are i n  good 
agreement  with values  obtained using the approach of  Reference 15. I n  t h e  
fo l lowing  the  r e s i z ing  columns def ined  in  Reference  1 4  are d iscussed .  The 
terminology of Reference 14 i s  followed. 
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6.2.1 Veloci ty  Gradient  Search - Equation (23) of Reference 1 4  def ines  a 
column of  design variable increments as: 
Equation (6.1) de f ines  a d i r e c t i o n  b y  means of 
of the  increments  i s  d i r e c t l y  r e l a t e d  t o  t h e  v e l o c i t y  i n c r e m e n t  AV through 
t h e  c o e f f i c i e n t  AV , where AV = k P i ]  i s  the  approximate 
i=l 
i n c r e a s e  i n  f l u t t e r  s p e e d  due t o  t h e  d e s i g n  v a r i a b l e  i n c r e m e n t s  b p i ) .  
The formulat ion i s  known as t h e  method  of s t eepes t  a scen t  o f  t he  func t ion  
V(Pi). The d i r ec t ion  impl i ed  by equat ion (6 .1 )  def ines  a column o f  d i r e c t i o n a l  
cosines  [z] for which [E] = [ Jw] dV is  maximum. 
Assuming a l i n e a r  r e l a t i o n s h i p  between the design var iables  and the pi 
a s s o c i a t e d  mass, m = CiPi, equat ion ( 6 . 1 )  can  be  wri t ten as: i 
Taking - as a r e fe rence  it can  be  seen  tha t  t he  d i r ec t ion  of av ami  
depends on t h e  s c a l i n g  between the design var iable  and the associated mass. 
S i n c e  t h e  q u a n t i t y  o f  d i r e c t  i n t e r e s t  is  t o t a l  mass, and not design variables 
r e l a t e d  t o  mass, it seems logica l  to  choose  e lementary  mass as design 
variables and  choose C i = l .  I n   t h a t   c a s e   e q u a t i o n  ( 6 . 1 )  becomes: 
which represents  a des ign  change  in  the  d i rec t ion  of  maximum J++ 
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The u s e f u l n e s s  o f  t h e  v e l o c i t y  g r a d i e n t  s e a r c h  is related t o  i t s  ab i l i ty  
t o  raise t h e  f l u t t e r  speed more e f f i c i e n t l y ,  i .e.,  w i th  a smaller increase i n  
t o t a l  mass m than  a s i m p l e   i n c r e a s e   o f   t h e   o v e r a l l   s t i f f n e s s  level. Simple 
phys ica l  cons ide ra t ions ,  however ,  l ead  to  the  conc lus ion  tha t  t he  most 
i 
e f f i c i e n t  move i s  i n  t h e  d i r e c t i o n  i n  which - =  - dV dV dM zdm .is maximum. i 
The numer i ca l  eva lua t ions  in  Appendix A i n d i c a t e  t h a t  a r e s i z i n g  column 
p r o p o r t i o n a l  t o  [EJ is a n  e f f i c i e n t  means o f  r e s i z i n g  a s t r u c t u r e  i n  one 
s t e p  t o  s a t i s f y  a f l u t t e r  s p e e d  c o n s t r a i n t  w i t h  a moderate mass penal ty ,  thus  
providing a good s t a r t i n g  p o i n t  f o r  a p rocedure  tha t  min imizes  the  to t a l  mass 
at c o n s t a n t  f l u t t e r  s p e e d .  
0 
The r e l a t i v e  e f f i c i e n c y  o f  a r e s i z i n g  column p r o p o r t i o n a l  t o  1E.J 
fo l lows  f rom the  f ac t  t ha t  it tends  to  add  more material where it i s  most 
e f f i c i e n t  i n  r a i s i n g  t h e  f l u t t e r  s p e e d .  Design var iables  for  which - Bv i s  
negat ive are r e d u c e d  i n  v a l u e ,  which a l s o  raises t h e  f l u t t e r  s p e e d .  
ami 
6.2.2 Mass Gradient Search - Equation (30) of Reference 14 def ines  a column 
of  design var iable  increments:  
where M i s  t h e   t o t a l  mass: M=Zm.. 
1 
Equation (6 .4 )  de f ines  a d i r ec t ion  by  means of [gj . The magnitude  of 
the  increments  i s  d i r e c t l y  r e l a t e d  t o  t h e  v e l o c i t y  i n c r e m e n t  AV through  the 
- I  
c o e f f i c i e n t  AV 
The d i r ec t ion  de f ined  by  equa t ion  (6 .4)  co r re sponds  to  a maximum value of  
30 
Again  assuming a l i n e a r  r e l a t i o n  between the  des ign  va r i ab le s  Pi and 
t h e   a s s o c i a t e d  mass m =C P it can   be   seen   tha t  i i i  
and - - aM api ci . 
. . . I  
Thus equat ion (6 .4)  becomes: 
It i s  appa ren t   t ha t   t he   d i r ec t ion   o f  {APi} aga in  depends  on t h e  s c a l i n g  
between design variable and associated mass. 
Choosing m as des ign   var iab les   equa t ion  (6.4) becomes: 
i 
which r ep resen t s  a uniformly distributed weight increment.  
Reference 1 4  us'es equat ion ( 6 . 4 )  t o  d e f i n e  a d e c r e a s e  i n  t o t a l  mass, 
thus a negat ive AV i s  used. By fol lowing a pa th   o f   s t eepes t   descen t   fo r  
M(P.)  the  mphasis i s  on d e c r e a s i n g   t o t a l  mass. The r e l a t i o n  AM vs. AV 
i s  not  considered.  
1 
The mass g rad ien t  s ea rch  cou ld  be  used  in  combina t ion  wi th  the  ve loc i ty  
grad ien t  search  to  formula te  an  opt imiza t ion  procedure .  Al te rna te  appl ica t ion  
of these  searches  tends  to  lower  the  des ign  var iab le  weight  requi red  for  
s a t i s f y i n g  t h e  f l u t t e r  c o n s t r a i n t  s i n c e  t h e  v e l o c i t y  g r a d i e n t  s e a r c h  t e n d s  t o  
inc rease  the  f lu t t e r  speed  by  add ing  a r e l a t i v e l y  e f f i c i e n t  mass d i s t r i b u t i o n .  
Although t h e  mass gradien t  search  removes mass ind i sc r imina te ly ,  r epea ted  
app l i ca t ion  of bo th  sea rches  t ends  to  an optimum mass d i s t r ibu t ion .  Ra the r  




f o r  which 
f l u t t e r  speed  the  least .  That would be t h e  c a s e  i f  most mass would 
where - i s  smallest. Note t h a t  i f  t h e r e  are des ign  variables av am, 
a V  I - is  n e g a t i v e  t h e i r  r e d u c t i o n  i n c r e a s e s  t h e  f l u t t e r  s p e e d ,  
ami 
a l lowing more mass t o   b e  removed from design variables w i t h  a small p o s i t i v e  
va lue  of  - . An e f f i c i e n t  method t o  remove mass is t o  remove it propor- am, 
1 1 t i o n a l l y   t o  - f o r   d e s i g n   v a r i a b l e s  for which - is p o s i t i v e .  av av/am, am, 
I I 
In  Reference  1 t h e  s e q u e n t i a l  a p p l i c a t i o n  o f  a ve loc i ty  g rad ien t  s ea rch  
and a mass g rad ien t  s ea rch  i s  r ep laced  by  the  app l i ca t ion  of an equiva len t  
two-component  column of  design  variable  increments.   Regrouping  of  the ele- 
ments i n  t h e  two  components  shows c l e a r l y  t h a t  t h i s  method does result i n  a 
r e s i z i n g  where  more mass i s  added where - i s  l a r g e r  and more mass i s  






6.2 .3  Gradien t  Pro jec t ion  Searches  - The g rad ien t  p ro jec t ion  sea rch  fo l lows  
a d i r e c t i o n  o f  s t e e p e s t  a s c e n t  w h i l e  s a t i s f y i n g  a c o n s t r a i n t .  The g rad ien t  
pro jec t ion  search  used  in  Reference  14 is  aimed a t  fo l lowing  the  s t eepes t  
a s c e n t  o f  t h e  f l u t t e r  s p e e d  as a func t ion  of  des ign  variables while  keeping 
t h e  t o t a l  w e i g h t  c o n s t a n t .  
From equat ions (32)  and (34)  in  Reference 14 the  fo l lowing  column o f  
design var iable  increments  can be der ived:  
x b p i )  , n 
i=l 
where  AS2 = t h e   s t e p  s i z e  i n  terms of   design variables. 
Equation (6 .8)  c a n  a l s o  b e  w r i t t e n  as 
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I n   b o t h   e q u a t i o n s  
which fol lows from the condi t ion 
Usually V(P.1 has  a maximum f o r  a g i v e n  t o t a l  w e i g h t .  
1 
a p p l i c a t i o n  shown in  Reference  1 4  t h i s  maximum is not  sought ,  
(6 . l o >  
(6.11) 
Although i n   t h e  
it may be 
, reached.  It would seem, t h e r e f o r e ,  that  the  formula t ion  of  equat ion (6.8) with 
AS d e t e r m h i n g  t h e  s t e p  s i z e ,  i s  preferable  over  the formulat ion of  equa-  
t i o n  (6.9) i n  which AV determines   the   s tep  s i z e .  
Reference 14 ment ions  the  poss ib i l i ty  of  a g rad ien t  p ro jec t ion  sea rch  
i n  which t h e  f l u t t e r  s p e e d  i s  held constant  and the  t o t a l  w e i g h t  i s  reduced. 
The presen t  au tho r s  cons ide r  t h i s  a more s ign i f i can t  p rocedure  from a prac- 
t i c a l  p o i n t  o f  view. A s  ind ica ted  in  Reference  1 4  the  fo rmulas  fo r  t h i s  
approach can be obtained from the constant  total  weight  approach by inter-  
changing  the  symbols V and M and  changing  the  a lgebraic   s ign on  AS. 
S i n c e  t h e  t o t a l  mass M has a minimum value,   only the  equiva len t  of  
equat ion (6.8) w i l l  be given: 
[APi} = - A S  
i=l 
where : 
A 1 = -  - 
L 1  
[Ei 
which follows from the condition 
(6.12)  
(6 .13)  
(6.14) 
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Assuming a l inear   e la t . ionship  between  the  lementary masses, m and 
i' 
the   des ign   va r i ab le s ,  Pi: 
(6.15) m = CiPi i 
equations (6.12) and (6.13).  become: 




+ A 1 T i  
(6.16) 
L e t t i n g ,  i n  a d d i t i o n ,  = 1, i.e . ,  choosing the elementary masses as 'i 
des ign  va r i ab le s ,  t hese  two equat ions become: 
- A S  
i=l 
n c:av 
A , = - ,  i=larni 
I 
i=l 
The s t e p  s i z e  i s  determined by 
n 
i=l 
!AS2 = x Ami 2 
I 
(6.18) 
(6 .20)  
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Equation (6.18) w i l l  now be discussed under  the assumption that  
i n e q u a l i t y  i n d i c a t e s  t h a t  a uniform increment of a l l  t h e  d e s i g n  variables 
inc reases   t he   f l u t t e r   speed .   Th i s  is not  an unreasonable  assumption. Addi- 
I 
I n  view of these  cons idera t ions  equat ion  ,(.6.18) can be w r i t t e n  as: 
(6.21) 
AS 
where - > 0 and Al am can   be   l a rge r o r  smaller 
i 
i=l 
than  1. 
The r e s i z i n g  column defined by equation (6.21) is a l inear  combina t ion  of  
t h e  columns a s soc ia t ed  wi th  the  ve loc i ty  and  mass g r a d i e n t  s e a r c h  d i s c u s s e d  i n  
the  p rev ious  sec t ions .  The a lgeb ra i c  sum of  the  two c o n t r i b u t i o n s  t e n d s  t o  
inc rease  the  des ign  variables wi th  a l a rge r  va lue  o f  - a n d  t o  d e c r e a s e  
those  wi th  a smaller va lue  o f  - inc luding  those  wi th  a negat ive  va lue  of  






two c o n t r i b u t i o n s   t o  [Ami} in   equa t ion   (6 .21 )  are i n  a f i x e d   r a t i o .  Due t o  
n o n l i n e a r i t i e s  t h i s  r e s u l t s  i n  a d r i f t  i n  f l u t t e r  s p e e d  due t o  a r e s i z i n g  
s t e p  bmi] . 
By w r i t i n g  
(6.22) 
an equiva len t  of  equat ion  (6 .21)  i s  fo rmula t ed  tha t  a l lows  the  use  o f  t he  
method of  Incremented Flut ter  Analysis  (References 4 and 1) for  de te rmining  a 
va lue   o f   such   tha t   he   ve loc i ty   increment ,  AV, a s s o c i a t e d   w i t h   t h e   v e l o c i t y  
g rad ien t  column i s  exac t ly  cance l led .  
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In  equa t ion  (6.211, K l . d e t e r m i n e s  t h e  s t e p  s i z e .  I n  a follow-on paper 
(Reference 19) Rudi s i l l  and  Bha t i a  desc r ibe  a d e t e r m i n i s t i c  method of 
d e f i n i n g  s t e p  s i z e  i n  t h e  case t h a t  t h e  g r a d i e n t  p r o j e c t i o n  s e a r c h  i s  used 
t o  i n c r e a s e  t h e  f l u t t e r  s p e e d  a t  c o n s t a n t  t o t a l  mass. The method i s  based on 
t h e  a s s u m p t i o n  t h a t  t h e  f l u t t e r  s p e e d  is a nea r ly  quadra t i c  func t ion  o f  t he  
design variables. 
S i n c e  t h e  t o t a l  mass i s  a l i n e a r  f u n c t i o n  o f  t h e  d e s i g n  variables t h i s  
method o f  d e t e r m i n i n g  t h e  s t e p  s i z e  is  n o t  a p p l i c a b l e  t o  t h e  g r a d i e n t  p r o -  
j e c t i o n  s e a r c h  a t  c o n s t a n t  f l u t t e r  s p e e d .  Choosing a s t e p  s i z e  t h e n  is  a 
matter of experience and judgment.  
6.2.4 Concluding Remarks - The p reced ing  d i scuss ion  dea l s  w i th  the  bas i c  
r e s i z i n g  columns as de f ined  by  fou r  d i f f e ren t  approaches .  In  any p r a c t i c a l  
application,minimum  size  constraints  must be taken into account .  Conceptual ly  
t h i s  i s  a simple matter. Computer  programming r e q u i r e s  c l o s e  a t t e n t i o n  t o  
d e t a i l  s i n c e  a v a r i e t y  o f  p o t e n t i a l  minimum s i z e  c o n s t r a i n t s ,  some of  them 
expec ted  to  occur  in f r equen t ly ,  must be foreseen.  Reference 1 4  does  not  go 
i n t o  d e t a i l  on t h i s .  
The c a p a b i l i t y  o f  t h e  approaches presented in Reference 1 4  f o r  s t r u c t u r a l  
op t imiza t ion  wi th  a f l u t t e r  c o n s t r a i n t  l i e s  e x c l u s i v e l y  i n  t h e  use o f  t h e  
g r a d i e n t  o f  t h e  f l u t t e r  s p e e d  w i t h  r e s p e c t  t o  t h e  d e s i g n  variables. Repeated 
a d d i t i o n  o f  s t r u c t u r a l  material a c c o r d i n g  t o  a d i s t r i b u t i o n  p r o p o r t i o n a l  t o  1 %] , followed each time by a ra ther  ind iscr imina te  removal  of  material t o  
ma in ta in  the  des i r ed  f lu t t e r  speed ,  conve rges  to  a minimum mass design.  
6 .3  The Weight  Gradient Method of Simodynes 
I n  March of 1973, E.  E. Simodynes presented  a method fo r  t he  op t imiza -  
t i o n  o f  s t r u c t u r a l  w e i g h t  a t  a s p e c i f i e d  f l u t t e r  s p e e d  ( R e f e r e n c e  1 5 ) .  The 
method  employs t h e  g r a d i e n t  o f  t o t a l  w e i g h t  w i t h  r e s p e c t  t o  n-2 design 
v a r i a b l e s  i n  a r e s i z ing  a lgo r i thm to  min imize  s t ruc tu ra l  we igh t  wh i l e  main- 
t a i n i n g  a c o n s t a n t  f l u t t e r  s p e e d .  Two of  the  des ign  va r i ab le s  are dependent 
v a r i a b l e s .  The r e s i z i n g  column i s  such t h a t  a c o n s t a n t  f l u t t e r  f r e q u e n c y  i s  
a l so  main ta ined ,  a c h a r a c t e r i s t i c  which s impl i f i e s  t he  fo rma t ion  o f  t he  
r e q u i r e d  d e r i v a t i v e s .  The r e s t r i c t i o n  on f l u t t e r  f r e q u e n c y ,  however,  repre- 
s e n t s  a n  a r b i t r a r y  c o n s t r a i n t  on the procedure which may r e s u l t  i n  w e i g h t  
p e n a l t i e s  which  can  not  be  jus t i f ied  by  the  computa t iona l  s impl i f ica t ions  
achieved. A modi f ica t ion  of  t h e  method i s  proposed  where in  the  f lu t te r  
frequency i s  permi t ted  to  vary ,  t ak ing  the  p lace  of  one  of  the  dependent  
des ign  va r i ab le s .  In  the  fo l lowing ,  t he  o r ig ina l  method i s  d iscussed  f i r s t ,  
followed by a discussion of  the modif ied procedure.  
6.3.1 The Method of Simodynes - The opt imiza t ion  method p resen ted  in  Refe r -  
ence 15 uses a res iz ing  a lgor i thm based  on t h e  g r a d i e n t  o f  t o t a l  w e i g h t ,  
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s u b j e c t  t o  f l u t t e r  speed and f l u t t e r  f requency  cons t ra in ts .  As wi th  most 
o p t i m i z a t i o n  m e t h o d s ,  t h e  s t i f f n e s s  a n d  i n e r t i a  terms are e x p r e s s e d  i n  
l inear  form: 
(6.23) 
The mat r ices  [KO] and Po] r e p r e s e n t   h e   s t i f f n e s s   a n d   i n e r t i a   o f   t h e  
f i x e d   s t r u c t u r e ,   a n d   t h e   m a t r i c e s  b K i ]  and [.Mi] r e p r e s e n t   s t i f f n e s s  
and   i ne r t i a   i nc remen t s   pe r   un i t   we igh t   o f   t he  ith des ign   va r i ab le .  The 
f l u t t e r  e q u a t i o n  f o r  n e u t r a l  s t a b i l i t y  is 
(6.24)  
where [Q] i s  a matr ix   of   unsteady  aerodynamic  force  coeff ic ients .  
C o n s i d e r i n g  f l u t t e r  f r e q u e n c y  a n d  f l u t t e r  v e l o c i t y  t o  be s p e c i f i e d ,  t h e  
f i x e d  a n d  v a r i a b l e  c o e f f i c i e n t s  o f  t h e  f l u t t e r  e q u a t i o n  may be grouped as i n  
equa t ions  (6 .25 )  and  (6 .26 ) ,  and  the  f lu t t e r  equa t ion  expres sed  as i n  
equat ion  (6 .27) .  
[.I = Po] - w 2 p o 1  - w 2 b ]  
Fi] = [.Ki] - w2[aMi] (6 .26)  
Two of  the  des ign  va r i ab le s  are now des igna ted  as the  dependent design 
variables m and m and   e r iva t ives   o f   t he   f l u t t e r   equa t ion  w i t h  r e spec t  





I n  t h i s  e q u a t i o n ,  {q} is t h e  f l u t t e r  e i g e n v e c t o r  of equat ion  (6 .27) ,  
and LrJ i s  the   cor responding  row e igenvec to r .   S ince   t he  complex coe f f i -  
c ients   of   equat ion  (6 .28)  are known, t h e  p a r t i a l  d e r i v a t i v e s  amu/ami and 
amv/ami are r e a d i l y  o b t a i n e d .  The w e i g h t  o f  t h e  s t r u c t u r e  is now elrpressed 
in  equat ion (6.291,  where Wo is t h e  w e i g h t  o f  t h e  f i x e d  s t r u c t u r e ;  t h e  
de r iva t ive  o f  t he  we igh t  w i th  r e spec t  t o  each  independen t  des ign  va r i ab le  
is computed (equat ion (6.30)  ) , and the gradient  of  total  weight  formed 
(equat ion  (6.31)).  
n -2 
W = W  + m  + m  + Emi o u  v i=l 
aw am amv 
am, am, am, u + -  + 1  -="-  
I I I 
(6.29) 
(6.30) 
A r e s i z i n g  column of increments is  then formed for a specif ic  weight  reduc-  
t i o n ,  -AW (equat ion  (6.3211, and new values  of m and m are c a l c u l a t e d  
U v 
u s i n g  t h i s  column o f   i nc remen t s   and   t he   pa r t i a l   de r iva t ives  amu/ami and 
amv/ami. 
(6.32) 
6 .3 .2  Discussion of t h e  Method - A s  i nd ica t ed  i n  Reference 15 ,  t h e  p r i n c i p a l  
f e a t u r e  of t h e  method of  Simodynes i s  the  weight  grad ien t ,  and  the  res iz ing  
column der ived  from it. The computat ion of  this  weight  gradient  i s  p a r t i c -  
u l a r l y  s t r a i g h t f o r w a r d  due t o  t h e  c o n s t r a i n t s  on f l u t t e r  s p e e d  and f l u t t e r  
frequency imposed on the resizing procedure.  I n  p a r t i c u l a r ,  t h e  u n s t e a d y  
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aerodynamic parameters are cons tan t  th roughout  the  opt imiza t ion  cyc le ,  so 
t h a t  t h e  f l u t t e r  de r iva t ives  do not involve derivatives of the aerodynamic 
parameters.  
Th i s  s impl i f i ca t ion ,  however, is not  ob ta ined  wi thout  an  assoc ia ted  
disadvantage.  The impos i t ion  of  the  f requency  cons t ra in t  on the  opt imizatfon 
p r o c e s s  r e s u l t s  i n  a n  a r t i f i c i a l  c o n s t r a i n t  on t h e  d i s t r i b u t i o n  o f  t h e  d e s i g n  
variable masses dur ing  the  r e s i z ing  p rocedure .  An example of t h i s  may be 
s e e n  i n  t h e  n u m e r i c a l  e v a l u a t i o n s  r e p o r t e d  i n  Appendix A.  The e f f e c t  o f  
t h i s  c o n s t r a i n t  i s  d i f f i c u l t  t o  assess, s i n c e  it depends t o  a grea t   degree  : . .  
on t h e  p a r t i c u l a r  s i t u a t i o n .  For a conf igura t ion  far from t h e  f i n a l  optimum 
d i s t r i b u t i o n ,  w i t h  a f r e q u e n c y  o f  t h e  c r i t i c a l  mode s i g n i f i c a n t l y  d i f f e r e n t .  
from t h e  f i n a l  v a l u e ,  t h e  e f f e c t  o f  the frequency constraint  would be expected 
t o  be s i g n i f i c a n t .  For a c o n f i g u r a t i o n  c l o s e r  t o  the optimum d i s t r i b u t i o n ,  
w i t h  a c r i t i c a l  mode f requency  approximate ly  equal  to  tha t  o f  the  f ina l  con- 
f igura t ion ,  the  e f fec t  would  be  cor respondingly  less. Reference 1 5  states 
t h a t  a f i x e d  se t  of v i b r a t i o n  modes i s  used throughout a complete optimization 
cycle ,  and it is  conc luded  tha t  t he  f lu t t e r  f r equency  cons t r a in t  i s  maintained 
throughout  the  opt imiza t ion  cyc le  a l so .  In  tha t  case ,  a t  least  one  addi t iona l  
op t imiza t ion  cyc le  must  be  per formed in  order  to  assure that  no e f f e c t s  o f  the 
cons t ra in t  remain .  The choice of  dependent  design var iables  a lso inf luences 
the magnitude of t h e  c o n s t r a i n t  e f f e c t ,  s i n c e  d e s i g n  v a r i a b l e s  h a v i n g  l i t t l e  
inf luence  on  f requency  would  produce  re la t ive ly  grea te r  d i s tor t ions  of  the  
uncons t r a ined  d i s t r ibu t ions .  
A s  w i t h  o t h e r  methods employing an a r b i t r a r y  s t e p - s i z e  ( e . g .  Refer- 
ence 14), t h i s  parameter must be  established on the basis  of  judgment ,  
i n t u i t i o n ,  e x p e r i e n c e  or (probably)  a combination  of  these.  For t h e  p r e s e n t  
method, s t ep - s i ze  i s  determined  by the  weight   reduct ion,  -AW, s p e c i f i e d  
by t h e  u s e r .  The choice  of  th i s  parameter  involves  a compromise; t o o  l a r g e  
a value of  AW c o u l d  r e s u l t  i n  u n a c c e p t a b l y  l a r g e  e x c u r s i o n s  i n  f l u t t e r  s p e e d  
and f requency;  too  small a va lue  of AW would r e s u l t  i n  a n  e x c e s s i v e  number 
o f  r e s i z i n g  s t e p s  r e q u i r e d  t o  r e a c h  optimum. 
Minimum s i z e  c o n s t r a i n t s  a r e  h a n d l e d  i n  a s t r a igh t fo rward  manner; when 
a des ign  var iab le  reaches  minimum s i z e ,  it i s  temporar i ly  e l iminated as a 
des ign  var iab le .  In  subsequent  s teps ,  t h e  d e r i v a t i v e s  a r e  c a l c u l a t e d  f o r  t h i s  
des ign  var iab le  and  it i s  r e i n s t a t e d  as an  ac t ive  des ign  variable i f  t h e s e  
c a l c u l a t i o n s  s o  i n d i c a t e .  A l t h o u g h  n o t  s p e c i f i c a l l y  s t a t e d  i n  t h e  r e f e r e n c e ,  
t h i s  is  presumably  t rue  of  the  dependent  des ign  var iab les  as w e l l  as the  inde-  
pendent  design variables. Here aga in ,  a poor  choice  of  dependent  design 
v a r i a b l e s ,  r e q u i r i n g  f r e q u e n t  s h i f t i n g  t o  o the r  des ign  va r i ab le s  du r ing  the  
o p t i m i z a t i o n  c y c l e ,  w o u l d  r e s u l t  i n  a n  i n e f f i c i e n t  r e s i z i n g  p r o c e s s .  
6.3.3 A Modif ica t ion  of  the  Method of  Simodynes - A s  d i s c u s s e d  e a r l i e r ,  t h e  
c o n s t r a i n t  on t h e  f l u t t e r  f r e q u e n c y  p r o v i d e s  a s i m p l i f i c a t i o n  i n  t h e  computa- 
t i o n  o f  t h e  r e q u i r e d  d e r i v a t i v e s ,  b u t  r e s u l t s  i n  a nonoptimum weight incre- 
ment implying a weight  penal ty  that  is  d i f f i c u l t  t o  p r e d i c t .  A modi f ica t ion  
i s  sugges ted  which  e l imina tes  th i s  f requency  cons t ra in t .  This  i s  done  by 
a l lowing  the  f l u t t e r  frequency t o  become a dependent  var iable ,  taking the 
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place  of  one  of  the  dependent  design  variables.  Following  a  procedure 
si-milar to  that of the original  method,  derivatives  of  the  flutter  equation 
are  obtained  after  first  expressing  the  flutter  equation  as  a  function  of  the 
reduced  frequency, k. The  result  is  equation  (6.331,  which  is  comparable to 
equation (6.28) of  the  original  procedure.  Equation  (6.33)  is  solved  for  the' 
unknown  parameters  amu/ami  and  ak/ami;  the  total  weight  is  expressed in 
equation  (6.34),  and  the  derivative  of  the  weight  with  respect  to  each 
n-1 
of  the  independent  design  var 
w = w + mu + E m i  
0 i=l 
iables  is  shown  in  equation  (6.35). 
The  gradient  of  the  weight  and  the  column  of  increments  are  formed as be- 
fore  (equations  (6.31)  and  (6.32)).  Except  for  this  modification in the  weight 
gradient  formation,  the  optimization  cycle  proceeds  as  in  the  original  method. 
6.3.4  Discussion  of  the  Modified  Method - The  modification  of  Simodynes' 
method  suggested  here  unquestionably  results  in  a  less  approximate  procedure. 
The  frequency  constraint,  with  the  associated  distortion f the  resulting 
mass  distribution,  is  removed.  Not  only  does  this  eliminate  an  undesirable 
feature  of  the  original  method,  but  fewer  optimization  cycles  should be 
required  in  order  to  reach  a  satisfactory  approximation  of  the  optimum  dis- 
tribution. A s  a  result of the  modification,  however,  some  additional  complica- 
tion  of  the  computational  procedure  is  required.  In  solving  the  flutter 
equation  to  obtain  the  eigenvectors,  a  fixed  matrix  of  unsteady  aerodynamic 
coefficients  can  no  longer  be  used  throughout  the  optimization  cycle.  In 
addition,  the  derivatives  of  the  aerodynamic  parameters  with  respect  to  the 
reduced  frequency, k, must  be  obtained.  How  troublesome  these  complications 
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are depends  on t h e  versa t i l i ty  of  the  computa t iona l  system used. For t h e  
numerical eva lua t ion  o f  t he  mod i f i ed  method p r e s e n t e d  i n  Appendix A, t h e  
Lockheed p-k method o f  s o l v i n g  t h e  f l u t t e r  e q u a t i o n  was used;  th i s  procedure  
has a bui l t - in  subrout ine  for  in te rpola t ing  mat r ices  of  aerodynamic  coef f i -  
c i e n t s .  A similar r o u t i n e  was used  to  obta in  the  approximate  derivatives of 
the aerodynamic  parameters  using a f in i te -d i f fe rence  procedure .  S ince  these  
computa t iona l  too ls  were r e a d i l y  a v a i l a b l e ,  t h e  m o d i f i c a t i o n s  r e s u l t e d  i n  no 
p a r t i c u l a r  c o m p u t a t i o n a l  d i f f i c u l t y .  
It should be no ted  tha t  a c e r t a i n  s i m i l a r i t y  e x i s t s  b e t w e e n  t h e  column 
of inc remen t s  r e su l t i ng  from the present  procedure and the,column of  incre-  
ments r e s u l t i n g  from t h e  g r a d i e n t  p r o j e c t i o n  s e a r c h .  w i t h , c g n s t a n t  f l u t t e r  
speed  of  Rudis i l l -Bhat ia  (Sec t ion  6 .2 .3) .  The e x p r e s s i o n  f o r  t h e  column of  
increments  of  the present  procedure is  shown in equat ion (6.36)  and from 
equat ion  ( A . 6 )  of Appendix A it i s  seen that  equat ion (6.37)  is  an  equiva len t  
express ion .  
1+- 
" " " -  
(6 .36)  
1 -  av/am " " _ " " " "  U 
(6.37)  
Recogn iz ing  tha t  t he  sca l a r  p remul t ip l i e r  of t h e  column i s  a r b i t r a r i l y  
chosen ,   the   increments   for  the  independent   design  var iables  m can  be made 
i d e n t i c a l  t o  t h o s e  o f  e q u a t i o n  ( 6 . 2 1 )  o f  S e c t i o n  6 . 2 . 3  i f  t h e  normalizat ion 
f a c t o r  l/av/amu i s  equal t o  -A1 of   equat ion   (6 .21) .  It  w i l l  b e   r e c a l l e d  
t h a t  AI i s  chosen so  as t o  r e s u l t  i n  a f l u t t e r  v e l o c i t y  i n c r e m e n t ,  on a 
l i n e a r  basis, equa l  t o  ze ro .  In  gene ra l ,  the  no rma l i za t ion  f ac to r  fo r  the 
i 
present   procedure w i l l  not  be e q u a l  t o  -Al, s i n c e  it r e s u l t s  from the  choice 
of the  dependent  des ign  var iab le .  The ( l i n e a r )  f l u t t e r  s p e e d  i n c r e m e n t  i s  
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t hen  he ld  to  ze ro  by  the  inc remen t  i n  the  dependen t  des ign  va r i ab le  de f ined  
i n  e q u a t i o n  ( 6 . 3 7 ) .  
6.3.5 Assessment of t& Method - The o r i g i n a l  Simodynes  method is a simple,  Y 
st raightforward procedure which involves  a minimum of  computa t iona l  d i f f i cu l ty  
i n  t h e  g e n e r a t i o n  o f  t h e  f l u t t e r  derivatives. The f l u t t e r  f r e q u e n c y  con- 
s t r a i n t  m i g h t  be a . u s e f u l  d e v i c e  i n  a d o p t i n g  e x i s t i n g  r o u t i n e s  f o r  t h e  s o l u -  
t ion  of  the  f lu t te r  equat ion  and  genera t ion  of  uns teady  aerodynamic  parameters  
f o r  u s e  i n  a f lu t te r  op t imiza t ion  procedure .  In  the  deve lopment  of  an  in te -  
grated design procedure,  however,  there would appear t o  b e  no c lear  advantage  
i n  r e t a i n i n g  th 'e  f requency constraint .  Instead,  a modi f ica t ion  of  the  pro-  
cedure such as ind ica t ed  he re  would b e  h l g h l y  d e s i r a b l e .  
6.4 An In t e r io r  Pena l ty  Func t ion  Method 
I n  s e e k i n g  t o  e v a l u a t e  a pena l ty  func t ion  method, t h e   i n i t i a l   t a s k  i s  
one o f  de f in ing  bo th  the  method i t s e l f  and the  scope  of  the  eva lua t ion .  A s  
u sed  he re ,  t he  term pena l ty  func t ion  method r e f e r s  t o  any s t ruc tu ra l  op t imiza -  
t i o n  t e c h n i q u e  i n  which penalty terms, which are r e l a t e d  t o  t h e  c o n s t r a i n t  
equat ions ,  are added t o  a n  o b j e c t i v e  f u n c t i o n  t o  form a modi f ied  objec t ive  
func t ion ,  which i s  then  minimized. For t he  pu rposes  o f  t h i s  eva lua t ion ,  
however,  only a s ing le ,  r ep resen ta t ive  p rocedure  w i l l  be   considered.  The 
par t icular  procedure chosen i s  a n  i n t e r i o r  p e n a l t y  f i n c t i o n  method and fol lows 
c l o s e l y  the  method descr ibed  in  Reference  16,  and i s  e s s e n t i a l l y  i d e n t i c a l  t o  
tha t  u sed  in  the  numer i c& eva lua t ions  p re sen ted  in  Appendix A .  A b r i e f  
d e s c r i p t i o n  o f  t h i s  method i s  p r e s e n t e d  i n  the n e x t  s e c t i o n ,  p r e p a r a t o r y  t o  
the  d i scuss ion  and eva lua t ion  which follow. 
6 .4 .1  Descr ipt ion of Method - A s  ind ica ted  previous ly ,  t h e  method considered 
here  is  based on t h e  method descr ibed  in  Reference  16 .  I n  t h a t  p r o c e d u r e ,  a 
modi f ied   ob jec t ive   func t ion ,   P(mi , r )  , i s  formed as shown i n   e q u a t i o n   ( 6 ; 3 8 ) .  
The term W(mi)  i s  the   quant i ty   to   be   min imized ,  or objec t ive   func t ion ,  
and   represents   the   weight   assoc ia ted  w i t h  t he   des ign   va r i ab le s  m . The 
second term of equation (6.38) expresses the penalty terms as func t ions  of  the  
des ign   cons t r a in t s ;  r i s  a penal ty   func t ion   weight ing   fac tor .  By means of  
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this   formulat ion,   the   problem  of   minimizing W ( m i ) ,  s u b j e c t   t o   t h e   c o n s t r a i n t s  
g,(mi), i s  t ransformed  to   one   o f   an   uncons t ra ined   min imiza t ion   of   P(mi , r )  
I 
us ing  a S W  (Sequence of Unconstrained Minimization Technique) approach 
(Reference 20 and 21). One such minimization is car r ied  out  for  each  succes-  
sive reduct ion  of  the  va lue  o f  the penal ty  f 'unct ion weight ing factor ,  r ,  
u n t i l  t h e  minimized  value of P(m. , r )  is  approx ima te ly  equa l  t o  the  co r re -  
sponding value of W( mi . 
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The unconstrained  minimizat ion  of   P(m. , r )  i s  accomplished by f irst  
1 
genera t ing  a move-vector d i rec t ion ,  then  de termining  the  minimum of P(mi,r) 
i n  t h i s  d i r e c t i o n  b y  means of  a one-dimensional search. For determining 
t h i s  move d i r e c t i o n ,  several d i rec t ion-genera t ing  a lgor i thms are available, 
t h e  best known of which i s  the  D F F  algorithm (Reference 22) as u s e d  i n  t h e  
prel iminary design procedure reported in  Reference 9 .  Reference 16, how- 
ever ,  uses  a v a r i a t i o n  o f  Newton's method wherein the  second derivatives of 
P(m. , r )  are approximated,  and  this  procedure w i l l  be used here. The second 
d e r i v a t i v e s  shown in  equa t ion  (6 .39 )  may be approximated by neglecting 
1 
the  second term o f  t h e  summation, under the  a s sumpt ions  s t a t ed  in  Refe rence  
16. I n   a d d i t i o n ,  the objec t ive   func t ion ,  W ( m i ) ,  i s  assumed t o  be a l i n e a r  
func; t ion of  the design var iables ,  so that  the f irst  term of  equat ion (6.39)  
i s  e q u a l  t o  z e r o .  The second der ivat ives  are then  approximated as i n  equa- 
t i o n  (6 .4O) ,  and an estimate f o r  t h e  column of  des ign  var iab le  
(6 .40)  
increments  which w i l l  minimize  P(mi,r) i s  formed as shown i n  e q u a t i o n  (6.41). 
(6.41) 
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It should be no ted  tha t  equa t ion  (6.41) would exac t ly  de f ine  the  r equ i r ed  
column of  des ign  var iab le  increments  i f  P(m. ,r) were a quadra t i c  func t ion  
of  the  des ign  var iab les  and  the  exac t  second der iva t ives  used .  In  the  present  
case, however, equation (6.41) i s  u s e d  o n l y  t o  d e f i n e  t h e  move d i r e c t i o n  f o r  
the one-dimensional  search.  
1 
6.4.2 Discussion of  the Method - I n  e v a l u a t i n g  t h e  p e n a l t y  f u n c t i o n  method 
descr ibed  here ,  four  pr inc ipa l  e lements  or c h a r a c t e r i s t i c s  c a n  be discerned:  
t he  t r ea tmen t  o f  t he  cons t r a in t s ,  t he  pena l ty  term we igh t ing  f ac to r s ,  t he  
direct ion generat ing algori thm and the one-dimensional  search.  In  the fo l -  
lowing sect ions,  each of  these c h a r a c t e r i s t i c s  w i l l  be  discussed,  fol lowed 
by an assessment of the method as a complete procedure. 
The t rea tment  of  cons t ra in ts  i s  t h e  p r i n c i p a l  d i s t i n g u i s h i n g  feature 
of t he  pena l ty  func t ion  method, and t h i s  t rea tment  provides  a number of 
advantages.  As  u sed  in  the  p re sen t  p rocedure ,  t he  inequa l i ty  cons t r a in t s  
se rve  two impor tan t  func t ions :  1) condi t ioning of  a move vec to r  such  tha t  it 
t e n d s  t o  a v o i d  v i o l a t i o n  o f  t h e  c o n s t r a i n t s ,  and 2 )  l i m i t i n g  o f  t h e  move 
vec to r  ampl i tude  such  tha t  t he  cons t r a in t s  are no t  v io l a t ed .  The f irst  of  
these  func t ions  i s  implemented through the direction generating procedure,  
and t h e  second of  these i s  a p a r t  o f  the one-dimensional search. 
The t rea tment  of  the  c o n s t r a i n t s  as i n e q u a l i t y  c o n s t r a i n t s ,  r e s u l t i n g  
in  the  cha rac t e r i s t i c s  desc r ibed  above ,  can  be  a very powerful  approach in  
s t r u c t u r a l  o p t i m i z a t i o n  f o r  f l u t t e r .  One of t h e  more obvious  advantages is  
t h e  f a c t  tha t  t h e  i n c l u s i o n  o f  m u l t i p l e  f l u t t e r  s p e e d  c o n s t r a i n t s  c a u s e s  
l i t t l e  concep tua l  d i f f i cu l ty .  Whether th i s  advantage  is  o f  p r a c t i c a l  v a l u e  
i s  d i f f i c u l t  t o  assess wi thou t  fu r the r  work. To inc lude  a l l  f l u t t e r  s p e e d  
c o n s t r a i n t s  (for s e v e r a l  Mach numbers  and a i r p l a n e  l o a d i n g  c o n d i t i o n s )  i n  
the  pena l ty  te rm would be  a large computat ional  burden.  Thus it would seem 
tha t  on ly  ac t ive  cons t r a in t s  shou ld  be  inc luded  in  the  penal ty  term and t h a t  
s epa ra t e  program logic  should be used to  determine which constraints  are 
ac t ive .   Exper ience  a t  the  Lockheed-California Company, pa r t ly   ob ta ined   du r ing  
t h i s  s t u d y ,  i n d i c a t e s  t h a t  m u l t i p l e  a c t i v e  f l u t t e r  s p e e d  c o n s t r a i n t s  may occur 
r a re ly .  P robab ly  the  most important advantage result ing from t h i s  method of 
handl ing  cons t ra in ts  i s  t h e  f a c t  t h a t  a l a r g e  number and v a r i e t y  o f  c o n s t r a i n t s  
can readily be included in an automated procedure.  A disadvantage,  however, 
i s  t h e  f a c t  t h a t  d e r i v a t i v e s  o f  t h e  c o n s t r a i n t  q u a n t i t i e s  w i t h  r e s p e c t  t o  t h e  
des ign  var iab les  must be  obta ined .  
The handl ing  of  the  pena l ty  term w e i g h t i n g  f a c t o r s  i n d i c a t e d  i n  equa- 
t i o n  (6.38)  e x e r t s  a s i g n i f i c a n t  i n f l u e n c e  on t h e  resu l tan t  per formance  of  
t h e  method. The t r ea tmen t  o f  t hese  f ac to r s  is  a matter of  judgment  and 
depends on experience.   Experience a t  NASA, Langley  Research  Center  suggests 
an i n i t i a l  v a l u e  f o r  t h e s e  w e i g h t i n g  f a c t o r s  which makes the penal ty  terms 
approximately equal. t o  t h e  v a l u e  of t h e  o b j e c t i v e  f u n c t i o n  (Refereme 23) .  
The f i n a l  v a l u e  f o r  these fac tors  can  be  de te rmined  by  es tab l i sh ing  acceptab le  
values  of t h e  r e s i d u a l  c o n s t r a i n t  i n e q u a l i t i e s  a n d  t h e n  s p e c i f y i n g  a n  a l l o w a b l e  
percentage of  the modif ied object ive funct ion contr ibuted by the penal ty  terms. 
Having thus  e s t ab l i shed  the  r ange  o f  t he  we igh t ing  f ac to r s ,  t he  appropr i a t e  
r e d u c t i o n  f a c t o r  t o  be  appl ied  dur ing  each  s tep  is  determined from the selec- 
t i o n  o f  t h e  d e s i r e d  number of  s teps .  Moni tor ing  of  the  progress  of  the  weight  
minimization, however, may l e a d  t h e  a n a l y s t  t o  i n t e r r u p t  t h e  o p t i m i z a t i o n  
procedure  and  modim the  pena l ty  weight ing  fac tors .  Spec i f ica l ly ,  op t imiza-  
t i o n  s t e p s  may cont inue after t h e  number of  s teps  on which the  r educ t ion  
f a c t o r  is based are completed i f  t h e  t o t a l  w e i g h t  p r o g r e s s i o n  i n d i c a t e s  t h a t  
a minimum weight  has  not  been  a t ta ined .  
A t  each  s tep  in  the  opt imiza t ion  process ,  the  weight ing  fac tors  de te r -  
mine t h e  e x t e n t  t o  w h i c h  t h e  c o n s t r a i n t s  i n f l u e n c e  t h e  r e s u l t a n t  move. If 
the  we igh t ing  f ac to r s  are l a r g e  r e l a t i v e  t o  t h e  d i s t a n c e  from t h e  c o n s t r a i n t ,  
t h e  d e s i g n  t e n d s  t o  move away from t h e  c o n s t r a i n t ,  i n t o  t h e  f e a s i b l e  d e s i g n  
space.  If t h e  w e i g h t i n g  f a c t o r s  are small, t h e  c o n s t r a i n t s  e x e r t  l i t t l e  
inf luence  on t h e  move and the  des ign  may  move i n  t h e  d i r e c t i o n  o f  t h e  con- 
s t r a i n t s .  The behavior  i s  dependent on t h e  r e d u c t i o n  f a c t o r  a p p l i e d  t o  t h e  
weight ing  fac tors  a t  each successive s tep,  which i s  i n  t u r n  r e l a t e d  t o  t h e  
range  of  the  weight ing  fac tors  and  the  number of  s teps  se lec ted .  A l a r g e  
number o f  s t eps  (or a small r e d u c t i o n  f a c t o r )  c a n  r e s u l t  i n  e r r a t i c  b e h a v i o r  
o f  t he  p rocess  due  to  the  s t rong ly  r epe l l i ng  in f luence  o f  t he  cons t r a in t s .  
Too few s teps ,  wi th  the  cor responding  la rge  reduct ion  fac tors ,  may r e s u l t  i n  
moves which impact one or more cons t ra in ts  before  s ign i f icant  weight  reduc-  
t ions have been accomplished. 
The use  of  the  approximate  second der iva t ives  in  an adaptat ion of  
Newton's method r e s u l t s   i n  a more eff ic ient  unconstrained minimizat ion pro-  
cedure than does the use of  the DFF' a lgor i thm (Reference  22) .  S ince  th i s  
lat ter procedure  requi res  a number of one-dimensional searches approximately 
e q u a l  t o  t h e  number of  design var iables ,  and the number of such searches 
r equ i r ed  wi th  Newton's method i s  independent of the number of  design var i -  
ab l e s ,  t he  advan tage  o f  Newton's  method inc reases  as t h e  number of design 
v a r i a b l e s   i n c r e a s e s .  A s  i nd ica t ed   i n   equa t ion  ( 6 . 4 1 )  however, t h e  mat r ix  G 
must b e   i n v e r t e d ;   t h i s   m a t r i x  i s  an n x n matrix  where n i s  t h e  number of 
design  var iables .   Reference 1 6  s t a t e s  t h a t  t h i s  m a t r i x  i s  s ingu la r  or 
i l l - cond i t ioned  when t h e  number o f  a c t i v e  c o n s t r a i n t s  i s  small. To preclude 
t h e  o b v i o u s  d i f f i c u l t i e s  which  would  otherwise  result ,  a mat r ix  G i s  used 
i n  p l a c e  o f  t h e  m a t r i x  G, the  elements  of  which are shown in  equa t ion  (6 .42 )  
- 
I n  t h i s  e q u a t i o n ,  i s  t h e  Kronecker d e l t a  and a va lue  6i j 
(6.42) 
of E=O.O1 i s  found t o  b e  s a t i s f a c t o r y  f o r  t h e  s y s t e m s  e v a l u a t e d  t h u s  f a r .  
For e a c h  s t e p  i n  t he  op t imiza t ion  p rocess ,  a one-dimensional search is  
conducted t o  d e t e r m i n e  t h e  minimum of  the  modi f ied  objec t ive  func t ion .  The 
d i r e c t i o n  o f  t h e  move vec to r  i s  determined as previously descr ibed (equa-  
t i o n  ~( 6.41))  , and only the magnitude of  the move vec to r  i s  var ied  dur ing  
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t he  sea rch .  The der ivat ives  of  the modif ied object ive funct ion need only be 
evaluated once during each s tep,  but  the modif ied object ive funct ion i s  
e v a l u a t e d  f o r  a number of va lues  o f  t he  move v e c t o r  m a g n i t u d e  s u f f i c i e n t  t o  
d e f i n e  t h e  minimum of  the  func t ion .  These  eva lua t ions  of  the  modi f ied  objec-  
t ive  f ' unc t ion  r equ i r e  f lu t t e r  speed  so lu t ions ,  stress analyses  and/or  other  
p rocedures  appropr i a t e  t o  the  de t e rmina t ion  o f  t he  pena l ty  terms. Although 
t h e  p r o c e s s  o f  e v a l u a t i n g  t h e  a c c e p t a b i l i t y  o f  a d e s i g n . r e l a t i v e  t o  t h e  con- 
s t r a i n t s  i s  common t o  a l l  opt imizat ion methods,  the penal ty  funct ion method, 
employing a one-dimensional search, requires a t  least  three  such  eva lua t ions  
per step, whereas methods which do not employ the one-dimensional  search need 
only  one  such  evaluation.  These  other  methods,  however,  normally  require a 
g r e a t e r  number o f  s t e p s  t o  a c h i e v e  a n  a c c e p t a b l e  l e v e l  o f  o p t i m i z a t i o n ,  a n d  
t h e r e f o r e  u s u a l l y  r e q u i r e  a l a r g e r  number o f  f l u t t e r  s p e e d  d e r i v a t i v e  d e t e r -  
mina t ions .   Cons ider ing   tha t   de te rmining   the   f lu t te r   speed   der iva t ives  
r equ i r e s  de t e rmina t ion  o f  t he  f lu t t e r  roo t  and  two c h a r a c t e r i s t i c  v e c t o r s ,  
it is  e s t i m a t e d  t h a t  i n  terms of  computa t iona l  opera t ions  (and  thus  cos t )  
each s t e p  i n  t h e  p e n a l t y  f u n c t i o n  p r o c e d u r e ,  r e q u i r i n g  t h e  c a l c u l a t i o n  o f  
t h r e e  f l u t t e r  r o o t s ,  i s  approximate ly  equiva len t  to  three s t eps  o f  a pro- 
cedure such as the  modi f ied  Simodynes method d e s c r i b e d  i n  S e c t i o n  6.3. 
This  t rade-of f  mus t  be  taken  in to  account  in  any comparative evaluation of 
methods, and must be determined for a r e a l i s t i c  d e s i g n  p r o c e d u r e .  The 
pr incipal  advantage of  the one-dimensional  search i s  that  it provides a 
s p e c i f i c  c r i t e r i o n  f o r  t h e  d e t e r m i n a t i o n  o f  s t e p  s i z e ,  r e s u l t i n g  ( u s u a l l y )  
i n  g rea t e r  we igh t  r educ t ions  pe r  s t ep  than  ob ta ined  wi th  methods employing 
arbitrary s t e p  s i z e .  The determinat ion of  s tep s ize  by the present  procedure 
can readily be implemented as a f u l l y  automated computational subroutine. 
6.4.3 Assessment of t h e  Method - Based on t h e  d e s c r i p t i o n  of t he  opt imiza t ion  
method p r e s e n t e d  i n  S e c t i o n  6 .4 .1  and the  d i scuss ion  o f  t he  cha rac t e r i s t i c s  
of t h e  method i n  S e c t i o n  6 . 4 . 2 ,  it i s  concluded  tha t  the  pena l ty  func t ion  
method (as t h a t  t e r m  i s  used  he re )  i s  an  e f f i c i en t  op t imiza t ion  p rocedure  
posses s ing  cha rac t e r i s t i c s  no t  found  in  o the r  me thods .  The unique means o f  
handl ing  des ign  cons t ra in ts  i s ,  of course ,  the  most noteworthy of these. 
This  fea ture ,  a long  wi th  the  use  of  the  one-d imens iona l  search  to  de te rmine  
s t ep  s i ze ,  r e su l t s  i n  an  op t imiza t ion  p rocedure  wh ich  i s  p a r t i c u l a r l y  w e l l  
s u i t e d  t o  u s e  i n  a completely automated rout ine.  Detai led specif icat ions 
for  such  a procedure  should  be  re la t ive ly  easy  to  deve lop .  The p r i n c i p a l  
e l e m e n t  r e q u i r e d  f o r  t h e  u s e  o f  t h i s  method, over and above the requirements 
o f  o the r  methods i n v e s t i g a t e d ,  i s  the  de te rmina t ion  of  the  der iva t ives  of  the  
c o n s t r a i n t  q u a n t i t i e s  ( o t h e r  t h a n  f l u t t e r  d e r i v a t i v e s )  w i t h  r e s p e c t  t o  t h e  
des ign  var iab les .  S ince  it should  a lways  be  poss ib le  to  eva lua te  the  con- 
s t r a i n t  f u n c t i o n s  f o r  s p e c i f i e d  v a l u e s  o f  t h e  d e s i g n  v a r i a b l e s ,  t h e s e  d e r i v a -  
t ives may be  ob ta ined  by  f in i t e  d i f f e rence  t echn iques  i f  no be t te r  method i s  
a v a i l a b l e .  I n  terms of computa t iona l   e f f ic iency ,  it i s  d i f f i c u l t  t c  compare 
the  pena l ty  func t ion  method wi th  the  o the r  fou r  methods considered here. 
From the  foregoing  it i s  c l e a r  t h a t  t h e  p e n a l t y  f u n c t i o n  method does, i n  
gene ra l ,  r equ i r e  more computat ions per  s tep than do t h e  Simodynes o r  Rud i s i l l -  
Bhatia procedures. Whether or no t  t he  more e f f i c i en t  op t . imiza t ion  s t ep  o f  t he  
pena l ty  func t ion  method overcomes tha t  d i sadvantage  can  only  be  assessed  in  
terms of a r e a l i s t i c  d e s i g n  c a s e .  
54 
6.5 A Method o f  Feas ib l e  Di rec t ions  
The method o f  f e a s i b l e  d i r e c t i o n s  is  an approach t o  s t r u c t u r a l  o p t i -  
miza t ion  us ing  d i rec t  min imiza t ion  of  a cons t ra ined  func t ion .  This i s  i n  
c o n t r a s t  t o  p e n a l t y  f u n c t i o n  methods, t r e a t e d  i n  S e c t i o n  6.4, which convert 
the  cons t ra ined  des ign  problem in to  a sequence of unconstrained minimizations 
of a modif ied object ive funct ion.  
The method d iscussed  here  i s  based pr imari ly  on t h e  method of Gwin and 
McIntosh (Reference 17), which is  i n  t u r n  a genera l iza t ion  of  a method 
developed  by  Zoutendijk  (Reference  24).  Addition  background material i s  
derived from Vanderplaats and Moses in  Reference  25. It should be no ted  tha t  
t he  d i scuss ion  p resen ted  he re  i s  l i m i t e d  t o  t h o s e  c h a r a c t e r i s t i c s  i n h e r e n t  
t o  t h e  f e a s i b l e  d i r e c t i o n s  method i t se l f ;  o t h e r  p a r t i c u l a r s  o f  t h e  method 
presented  i n  Reference 17 a r e  n o t  t r e a t e d .  Thus,  such  elements as t h e  method 
of  generat ing aerodynamic parameters ,  solut ion of  the f lut ter  equat ion and 
computa t ion  of  f lu t te r  speed  der iva t ives  are cons ide red  to  be  sepa ra t e  from 
t h e  method o f  f e a s i b l e  d i r e c t i o n s .  These and other details  of a complete 
opt imiza t ion  procedure  a re  cons idered  e l sewhere  in  th i s  repor t .  
6 .5 .1  Descr ipt ion of Method - The method of f eas ib l e  d i r ec t ions  gene ra t e s  a 
sequence of design changes, each of which i s  b o t h  f e a s i b l e  ( d o e s  n o t  v i o l a t e  
a c t i v e  c o n s t r a i n t s )  and   usable   ( reduces   to ta l  mass). Each r e s i z i n g  d i r e c t i o n  
i s  fo l lowed  un t i l  a new c o n s t r a i n t  i s  v i o l a t e d ,  a n  a c t i v e  c o n s t r a i n t  is  
re-encountered or t h e  t o t a l  mass i s  minimized. The process  can  be  v isua l ized  
wi th  the  he lp  of  F igure  6-1, which reproduces Figure 6 of  Reference 17. I n  
t h i s  f i g u r e ,  t h e  minimum s i z e  c o n s t r a i n t s  are r ep resen ted  by  the  ho r i zon ta l  
and ve r t i ca l  boundar i e s ,  t he  minimum f l u t t e r  speed  cons t ra in t  by  the  curved  
boundary and the constant  weight  contours  by t h e  d i a g o n a l  s t r a i g h t  l i n e s .  
The s t a r t i n g  p o i n t  f o r  t h e  p r o c e s s  i s  a t  po in t  A, which i s  on t h e  f l u t t e r  
speed  cons t r a in t  boundary ;  t he  des ign  p roceeds  in  a d i r e c t i o n  away from t h e  
f l u t t e r  s p e e d  c o n s t r a i n t  a n d  i n  a d i rec t ion  of  decreas ing  weight  un t i l  a con- 
s t r a i n t  boundary i s  encountered. A t  t h a t  p o i n t ,  a new d i r e c t i o n  i s  generated 
and a new  move executed. This process i s  c o n t i n u e d  u n t i l  a po in t  B i s  reached 
which  approximates  an optimum design.   Figure 6-2, a l s o  from  Reference 17, 
i l l u s t r a t e s  t h e  r a n g e  o f  a c c e p t a b l e  d e s i g n  d i r e c t i o n s  s t a r t i n g  from a p o i n t  B 
on a genera l  nonl inear  cons t ra in t  boundary .  
For a cons t r a in t  equa t ion  of t h e  form given i n  e q u a t i o n  (6.43), the condi-  
t i o n  t h a t  t h e  d i r e c t i o n  i s  f e a s i b l e  i s  given by equation ( 6 . 4 4 ) ,  where (Vh} 
is  t h e  g r a d i e n t  v e c t o r  'of t h e  c o n s t r a i n t  w i t h  r e s p e c t  t o  t h e  d e s i g n  variables, 
m and {S} i s  the   d i r ec t ion   vec to r   o f   t he   des ign  variables. 
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Figure 6-1: Hypothetical  Design  Space 
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Figure  6-2: Direction-Finding  Problem 
a t  a Constraint Boundary 
I n  t h e  p r e s e n t  c o n t e x t ,  a f e a s i b l e  d i r e c t i o n  is  one which does not 
v i o l a t e  a n  a c t i v e  c o n s t r a i n t ,  as def ined by a l inea r  approx ima t ion  o f  t ha t  
c o n s t r a i n t .  The l i n e  segment BC i n  F i g u r e  6-2 l i es  on the boundary of  the 
feasible reg ion .  The c o n d i t i o n  t h a t  the d i r e c t i o n  is  usable  is  given by 
equat ion (6 .45) ,  where {VW} is  the  grad ien t  vec tor  of  the  objec t ive  func-  
t i o n ,  i . e . ,  t h e  t o t a l  s t r u c t u r a l  w e i g h t .  Any d i r ec t ion  be tween  l ines  BD and 
BC i n  F i g u r e  6-2 is  t h e n  i n  t h e  u s a b l e - f e a s i b l e  s e c t o r .  
The p a r t i c u l a r  d i r e c t z o n  v e c t o r  u s e d  i n  the. p re sen t  method i s  fbund such 
t h a t  a s c a l a r  p i s  maximized s u b j e c t  t o  t h e  c o n d i t i o n s  e x p r e s s e d  i n  equa- 
t i o n  ( 6 . 4 6 ) .  I n  t h i s  se t  of   equa t ions ,  8 i s  an  adjustment   factor   which 
(6.46)  
( c )  The l eng th   o f  L S  J i s  bounded. 
c o n t r o l s  t h e  d i r e c t i o n  o f  L S )  wi th in   t he   u sab le - f eas ib l e   r eg ion ;   l a rge  
values of 8 f o r c e  t h e  d i r e c t i o n  away from the constraint   and  toward t h e  
usable  boundary BD, whi le  a value of  8 = 0 r e s u l t s  i n  a move d i r ec t ion  a long  
l i n e  BC. For  nonl inear  cons t ra in ts ,  such  as a minimum f l u t t e r  s p e e d  con- 
s t r a i n t ,  a n  i n t e r m e d i a t e  v a l u e  o f  8 i s  used  which  approximately  bisects   the 
usable f eas ib l e   s ec to r .   Re fe rence  17 suggests  a value  of  8 = 1 . 0 .  It w i l l  
be shown,  however, that  t h e  e f f e c t  o f  any pa r t i cu la r   va lue   o f  8 depends on 
the  no rma l i za t ion  o f  t he  cons t r a in t  g rad ien t s  and the  weight  grad ien t .  For 
l i n e a r   c o n s t r a i n t s ,   s u c h  as minimum s i z e  c o n s t r a i n t s ,  a value  of  8 = 0 i s  
u s e d  i n  o r d e r  t o  p r o d u c e  a move d i r e c t i o n  p a r a l l e l  t o  t h e  c o n s t r a i n t  b o u n d a r y .  
The c o n d i t i o n  t h a t  t h e  l e n g t h  of L S ]  is bounded i s  usually  accomplished  by 
l imi t ing  the  e l emen t s  as shown i n  e q u a t i o n  (6 .47 ) .  
Once t h e   v a l u e   o f  8 i s  se lec ted ,   the   subopt imiza t ion   problem  ind ica ted  
by equat ions (6.46) i s  t r ans fo rmed  to  a s tandard  form  and solved by means of 
the Simplex algori thm. Some o f  t h e  detai ls  of t h i s  procedure are g i v e n  i n  
Reference 17, and a more comprehensive description may be found in  Refe rence  
26. The de ta i l s  o f  t he  S implex  a lgo r i thm w i l l  no t  be  repea ted  here, bu t  
some aspec t s  o f  t he  p rocedure  are d i scussed  in  the  fo l lowing  sec t ion .  I t  
should be noted  tha t  the  S implex  a lgor i thm w a s  u s e d  t o  g e n e r a t e  t h e  d i r e c t i o n  
vec tors  for t h e  n u m e r i c a l  e v a l u a t i o n s  p r e s e n t e d  i n  Appendix A o f  t h i s  r e p o r t .  
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In  app ly ing  the  cons t r a in t  cond i t ions  ind ica t ed  by  equa t ion  (6 .46(a) ) ,  
on ly  those  cons t ra in ts  which  are c o n s i d e r e d  t o  be a c t i v e  at a p a r t i c u l a r  
des ign  poin t  are inc luded  in  the  d i r ec t ion - f ind ing  p rocess .  A c o n s t r a i n t  i s  
c o n s i d e r e d  t o  be a c t i v e  i f  t h e  d e s i g n  i n  q u e s t i o n  falls w i t h i n  a s p e c i f i e d  
tolerance  band c of   t he   cons t r a in t   boundary .   Th i s   cons t r a in t   o l e rance  
band is  a r b i t r a r i l y  s p e c i f i e d  and may vary  wi th  type  of  cons t ra in t .  As  
s t a t e d  earlier, a n y  p a r t i c u l a r  d e s i g n  s t e p  c o n t i n u e s  i n  t h e  s p e c i f i e d  d i r e c -  
t i o n  u n t i l  a c o n s t r a i n t  i s  v i o l a t e d ;  at t h a t  p o i n t ,  a c o r r e c t i o n  s t e p  i s  
taken  back  in to  the  cons t ra in t  to le rance  band and  a new d i r ec t ion  gene ra t ed .  
6.5.2 P r i n c i p a l  C h a r a c t e r i s t i c s  o f  t h e  Method - The p r i n c i p a l  d i s t i n g u i s h i n g  
feature o f  t he  method o f  f e a s i b l e  d i r e c t i o n s  i s ,  as t h e  name impl i e s ,  t he  
d i rec t ion  genera t ing  procedure .  Some aspects  of  this  procedure,  and of  the 
method of e s t a b l i s h i n g  t h e  s t e p  s i z e ,  are d i s c u s s e d  i n  t h e  f o l l o w i n g .  
Some u n c e r t a i n t y  e x i s t s  as t o  t h e  h a n d l i n g  o f  t h e  c o n s t r a i n t  t o l e r a n c e  
band, E . Reference 1 7  i n d i c a t e s   t h a t  an appropr i a t e   cons t r a in t   t o l e rance  
is e s t a b l i s h e d  f o r  e a c h  c o n s t r a i n t  or cons t r a in t  t ype ,  and  tha t  when a con- 
s t r a i n t  i s  v i o l a t e d ,  t h e  s t e p  s i z e  i s  cor rec ted  such  tha t  the  end-poin t  of  
t h e  s t e p  i s  midway in  the  to l e rance  band .  Re fe rence  25, however, recommends 
t h e  u s e  of a l a r g e  t o l e r a n c e  b a n d  f o r  t h e  i n i t i a l  p h a s e s  o f  t h e  o p t i m i z a t i o n  
s o  t h a t  t h e  c o n s t r a i n t s  w i l l  become ac t ive  ea r ly  in  the  op t imiza t ion  p ro -  
cedure  and will remain  ac t ive .  Combining these two approaches would not 
a p p e a r  t o  r e s u l t  i n  a n  e f f i c i e n t  r e s i z i n g  p r o c e d u r e ,  s i n c e  a l a r g e  c o n s t r a i n t  
tolerance band would prevent a close approach to  any constraint .  For  the 
i d e a l i z e d  t e s t  c a s e  o f  Appendix A, no par t icu lar  advantage  can  be  d iscerned  
in  ma in ta in ing  a l a r g e  "pad"  on t h e  c o n s t r a i n t s ;  t h i s  would almost certainly 
r e s u l t  i n  a n  i n c r e a s e d  number o f  r e s i z ing  s t eps  fo r  t he  we igh t  r educ t ions  
shown i n  S e c t i o n  A . 6 .  It may be  tha t  such  a procedure would be useful  in  
t h e  a p p l i c a t i o n  o f  t h e  method t o  more complex design problems as a means of 
avoiding convergence t o  l o c a l i z e d  minima, bu t  it i s  f e l t  tha t  such  usefu lness  
would be  rare i n  p r a c t i c a l  s i t u a t i o n s .  Based on t h e  i d e a l i z e d  t e s t  c a s e ,  it 
would  appear  tha t  the  cons t ra in t  to le rance  for  minimum s i z e  c o n s t r a i n t s  s h o u l d  
b e  e q u a l  t o  z e r o .  A minimum s i z e  c o n s t r a i n t  s h o u l d  n o t  b e  a c t i v e  u n t i l  t h e  
minimum s i z e  i s  reached ,  s ince  o therwise  no f u r t h e r  r e d u c t i o n  i n  t h a t  d e s i g n  
v a r i a b l e  would take  p lace  whi le  the  cons t ra in t  remained  ac t ive .  For minimum 
f l u t t e r  s p e e d  c o n s t r a i n t s ,  it would seem tha t  t he  cons t r a in t  t o l e rance  band  
f o r  d e f i n i n g  a n  a c t i v e  c o n s t r a i n t  s h o u l d  i n d e e d  b e  f a i r l y  l a r g e .  The f l u t t e r  
speed  cons t ra in ts  then  become ac t ive  ea r ly  in  the  des ign  p rocess ,  and  are 
t h e r e f o r e  e f f e c t i v e  i n  t h e  e f f i c i e n t  r e s i z i n g  o f  t h e  d e s i g n  v a r i a b l e s .  The 
cons t ra in t  to le rance  band for  de te rmining  the  end-poin t  of  a p a r t i c u l a r  d e s i g n  
s t e p ,  however ,  should  be  essent ia l ly  equal  to  zero .  
Assuming a reasonable   va lue   o f   the   ad jus tment   fac tor ,  8 , t he   nex t  
des ign  s t ep  w i l l  be  d i r ec t ed  w e l l  i n t o  t h e  f e a s i b l e  r e g i o n ,  so  t h a t  no use fu l  
purpose i s  se rved  by  o r ig ina t ing  the  s t ep  any appreciable  dis tance from the 
f l u t t e r  c o n s t r a i n t  b o u n d a r y .  
For o the r  t ypes  o f  cons t r a in t ,  t he  t r ea tmen t  o f  t he  cons t r a in t  t o l e rance  
band can be based on similar reasoning.  
As i nd ica t ed  earlier,  t h e  recommended ad jus tmen t  f ac to r  fo r  a minimum 
s i z e  c o n s t r a i n t  or o t h e r  l i n e a r  c o n s t r a i n t  is 8 = 0. This   choice  of   adjust-  
ment f a c t o r  results i n  subsequen t  des ign  s t eps  p roceed ing  pa ra l l e l  t o  t he  
constraint  boundary i f  the des ign  s teps  would  o therwise  resu l t  in  cont inued  
reduct ions  of  the  cons t ra ined  des ign  var iab le .  For non l inea r  cons t r a in t s  
such as f l u t t e r  s p e e d  c o n s t r a i n t s ,  a nonzero value of 8 must be used i n  
o r d e r  t o  f o r c e  t h e  d e s i g n  d i r e c t i o n  away from the  cons t ra in t  boundary .  
Otherwise ,  any  f in i te  move ampl i tude  wou ld  v io l a t e  t he  f lu t t e r  speed  con- 
s t r a i n t .  "his c h a r a c t e r i s t i c   o f  the parameter 8 r e s u l t s   i n   t h e  term 
"push-off" f a c t o r  b e i n g  a p p l i e d  t o  it i n  some references .  The most e f f i c i e n t  
value of t h e  "push-off"  factor  depends on the par t icular  s t ructural  opt i -  
mizat ion  under   considerat ion,   but  a value  of  8='1.0 i s  usual ly   chosen.  
Reference 17 states t h a t  t h i s  v a l u e  p r o d u c e s  a vec tor  d i rec t ion  which  
approximate ly  b isec ts  the  usable- feas ib le  sec tor .  Examinat ion  of  equat ions  
(6.46) demonstrates,  however, that  the va lue  8 which  accomplishes t h i s  is 
dependent  on  the  normalization  of (Vh} and {VW}. A l a r g e r  v a l u e  o f  t h e  
normal ized   cons t ra in t   g rad ien t   cor responds   to  a smaller va lue   o f  f3 , whi le  
a la rger  va lue  of  the  normal ized  weight  grad ien t  cor responds  to  a l a r g e r  
value  of  8 . In   t he   numer i ca l   eva lua t ions   desc r ibed   i n  Appendix A, t h e  
weight  gradient  w a s  a u n i t  column as a consequence of  the  choice  of  des ign  
v a r i a b l e s ,  a n d  t h e  f l u t t e r  s p e e d  c o n s t r a i n t  g r a d i e n t  w a s  normalized such that  
t he   va lue   o f  t h e  average  element i s  un i ty .  A value  of  8 = 1.0, i n  conjunc- 
t i o n  w i t h  t h a t  normalization, produced approximately the des i r ed  result. The 
more usual  procedure of  normalizing the gradients  on the  l a rges t  e l emen t  would 
have produced approximately twice as much "push-off". 
It is  noted that Vanderplaats and Moses, Reference 2 5 ,  recommend a 
variable "push-off" factor which is a funct ion of  the dis tance from the con- 
s t r a i n t  b o u n d a r y .  I n  t h e  p r e s e n t  n o t a t i o n ,  t h i s  i s  expres sed  in  equa t ion  
(6.48) , where E i s  t h e   c o n s t r a i n t   t o l e r a n c e ,  hk i s  t h e   v a l u e   o f   t h e  j t h  
j 
c o n s t r a i n t   f u n c t i o n  a t  the  kth des ign   s t ep ,  and eo i s  chosen as un i ty .  
(6.48) 
S ince  the  cons t ra in t  func t ions  have  negat ive  va lues  anywhere w i t h i n  t h e  
feasible r e g i o n ,  t h e  e f f e c t  o f  t h i s  treatment of the "push-off" factors would 
be to  d r ive  the  des ign  to  the  cons t r a in t  t o l e rance  boundary ,  where  the  va lue  
of eJ i s  equal   to   zero .   Al though  th i s   approach   has   the   advantage   o f   p ro-  
v id ing  a uniform treatment  of the  "push-off" factors,  it would appea r  t ha t  
t h e  r e s u l t a n t  e x c u r s i o n s  o f  t h e  d e s i g n  i n  a n d  o u t  o f  the  c o n s t r a i n t  t o l e r a n c e  
band might w e l l  o f f s e t  any advantage derived from this approach. 
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The d i r e c t i o n  v e c t o r  f o r  feasible d i rec t ions  procedures  is usua l ly  
obta ined  by the Simplex method. As  no ted  in  Refe rence  25, " t h e  r e s u l t i n g  
d i r e c t i o n  t e n d s  t o  p o i n t  t o w a r d s  t h e  c o r n e r s  of a hypercube i n  t h e  d e s i g n  
space  (Si = 1 or -l)." The d i r e c t i o n   v e c t o r s   o b t a i n e d   i n   t h e   n u m e r i c a l  
evaluations of Appendix A ce r t a in ly  exh ib i t  t he  ind ica t ed  t endenc ie s .  Refer- 
ence 25 goes on t o  p ropose  an  a l t e rna te  d i r ec t ion  vec to r  fo rmula t ion ,  based  
on imposing bounds on t h e  t o t a l  v e c t o r  r a t h e r  t h a n  t h e  i n d i v i d u a l  e l e m e n t s .  
Although t h i s  f o r m u l a t i o n  h a s  n o t  b e e n  e v a l u a t e d  i n  d e t a i l ,  it is  presumed 
t h a t  t h e  r e s u l t i n g  v e c t o r  m i g h t  b e  somewhat more e f f i c i e n t  s i n c e  it i s  
s u b j e c t  t o  fewer c o n s t r a i n t s .  
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R e t u r n i n g  t o  t h e  o r i g i n a l  f o r m u l a t i o n ,  some elementary considerat ions 
of equations (6 .46)  and equation (6.47) w i l l  i n d i c a t e  t h e  r e a s o n s  f o r  t h e  
r e s u l t i n g  d i r e c t i o n  v e c t o r  c h a r a c t e r i s t i c s ,  a n d  w i l l  suggest  a method o f  
gene ra t ing  the  d i r ec t ion  vec to r  w i thou t  t he  use of  the Simplex algori thm. 
R e f e r r i n g  t o  e q u a t i o n s  (6.46) , assume for t h e  moment t h a t  o n l y  t h e  f l u t t e r  
c o n s t r a i n t  i s  a c t i v e .  It w i l l  b e   s e e n   t h a t  maximum p can  only  occur  when 
both  equat ion ( 6 . 4 6 ( a ) )  and   equat ion   (6 .46(b) )  are e q u a l  t o  z e r o .  If now t h e  
va lue   o f  0 i s  taken  as uni ty ,   equa t ion  (6 .49)  r e s u l t s  when p i s  maximum. 
Re tu rn ing  to  equa t ions  (6.46) and observing that  the elements  of  {Vh) 
are genera l ly  nega t ive ,  it i s  n o t  d i f f i c u l t  t o  see t h a t  t h e  a d d i t i o n  o f  w e i g h t  
t o  t h e  d e s i g n  v a r i a b l e  h a v i n g  t h e  g r e a t e s t  i n c r e a s e  i n  f l u t t e r  s p e e d  p e r  
pound, and removing weight from the design variable having the least  inc rease  
i n  f l u t t e r  s p e e d  p e r  pound, t e n d s  t o  i n c r e a s e  p . The r e s t r i c t i o n  on t h e  
s i ze   o f   t he   l emen t s   exp res sed   i n   equa t ion  (6.47) limits these  lements  
t o  +1 and -1 , r e spec t ive ly ,   wh i l e   t he   ob jec t ive  of  maximizing p i n su res  
t h a t  t h e s e  limits w i l l  be reached.  Cont inuing the same l i n e  o f  r e a s o n i n g ,  it 
w i l l  b e  s e e n  t h a t  t h e  r e s u l t i n g  d i r e c t i o n  v e c t o r  must  have +1 elements   for  
t he  des ign  variables w i t h  t h e  h i g h e r  f l u t t e r  s p e e d  d e r i v a t i v e s ,  -1 elements 
f o r  the  des ign  va r i ab le s  wi th  the  lower  f lu t t e r  speed  de r iva t ives ,  and  one  
e l emen t  o f  i n t e rmed ia t e  va lue  in  o rde r  t o  sa t i s f ' y  equa t ion  (6 .49) .  If one or 
more d e s i g n  v a r i a b l e s  i n  t h e  n e g a t i v e  g r o u p  is l i m i t e d  b y  a n  a c t i v e  minimum 
s i z ing  cons t r a in t ,  t he  co r re spond ing  e l emen t s  i n  the  d i r ec t ion  vec to r  are s e t  
to  zero  and  equat ion  (6.49)  balanced as before .  It should be n o t e d  t h a t  t h e  
ranking of  t h e  f l u t t e r  d e r i v a t i v e s  must be on the  b a s i s  o f  ra te  of change of 
f l u t t e r  s p e e d  p e r  pound o f  des ign  va r i ab le ,  which is  t h e  r a t i o  o f  t h e  e l e m e n t s  
of {Vh} t o   t h e   e l e m e n t s   o f  {VW} . During  the  course  of   the  numerical  
eva lua t ions  p re sen ted  in  Appendix A, it was found  tha t  a move v e c t o r  d i r e c t i o n  
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i d e n t i c a l   t o   t h a t   g e n e r a t e d   b y  t h e  Simplex method could be der ived  by  the  
procedures   descr ibed.  When t h e r e  are two a c t i v e  f l u t t e r  c o n s t r a i n t s ,  
and V, , t h e   v a l u e s   o f  -+ - determine  which  elements  of I S ]  are 
+1 and -1 ; two equat ions similar t o  (6.49) w i l l  determine two elements 
of LSJ t ha t   have   i n t e rmed ia t e   va lues .  This w a s  a lso  demonstrated,  numer- 
i c a l l y ,  t o  l e a d  t o  t h e  same I S ]  as the one generated by the Simplex method.  
It  i s  expected this  approach can be expanded t o  more a c t i v e  f l u t t e r  con- 
s t r a i n t s .  It i s  sugges t ed  tha t  it is  more s t ra ight forward  and  may b e  a more 
economical means o f  g e n e r a t i n g  t h e  d i r e c t i o n  v e c t o r .  
av, av, v1 
am, am, 
Several  methods of  s tep-s ize  select ion are proposed in  Refe rence  17, 
the  s implest  of  which i s  t o  c o n t i n u e  t o  i n c r e a s e  s t e p  s i z e  i n  t h e  p r e s c r i b e d  
d i r e c t i o n  u n t i l  a cons t r a in t  v io l a t ion  occur s .  A t  t h i s  p o i n t ,  a co r rec t ed  
d i s t a n c e  t o  a po in t  w i th in  the  cons t r a in t  t o l e rance  band  is  found by  l inear  
i n t e rpo la t ion  o f  t he  appropr i a t e  cons t r a in t  f ’unc t ion  va lues .  
A s  mentioned ear l ier ,  it should be r e l a t ive ly  s imple  to  de t e rmine  the  
s t e p   s i z e  which would terminate  exact ly  on the boundary of  the nearest  l inear  
c o n s t r a i n t ,  a n d  i n  v i e w  o f  t h e  f a c t  t h a t  no fu r the r  r educ t ion  o f  tha t  design 
v a r i a b l e  w i l l  t a k e  p l a c e  whi le  t h e  c o n s t r a i n t  is a c t i v e ,  no c o r r e c t i o n  i n t o  
the tolerance band would appear  to  be required.  A more direct  procedure might  
then  be t o  d e t e r m i n e  the  s t e p - s i z e  t o  t h e  n e a r e s t  l i n e a r  c o n s t r a i n t  a n d  t h e n  
check f o r  v i o l a t i o n  of o t h e r  c o n s t r a i n t s  u s i n g  that s tep-s ize .  If c o n s t r a i n t  
v io l a t ions  r e su l t ed ,  t he  s t ep - s i ze  w o u l d  b e  r e d u c e d  u n t i l  t h e  c r i t i c a l  con- 
s t r a i n t  was j u s t  s a t i s f i e d .  For minimum f l u t t e r  s p e e d  c o n s t r a i n t s ,  t h e  u s e  
of  some form of  Incremented  Flu t te r  Analys is  to  so lve  for  the s t ep - s i ze  
n e c e s s a r y  t o  s a t i s f y  t h e  f l u t t e r  c o n s t r a i n t  s h o u l d  r e s u l t  i n  a s u b s t a n t i a l  
improvement in  the  s t ep - s i ze  sea rch  p rocedure .  
6 .5 .3  Assessment of the Method - The method  of f e a s i b l e  d i r e c t i o n s  i s  similar 
t o  t h e  p e n a l t y  f u n c t i o n  methods i n  t h a t  the  cons t r a in t  func t ions  in f luence  
both  the  d i rec t ion  of  the  des ign  s tep  and  the  s tep-s ize .  Ful l  au tomat ion  of  
t h e  method i s  documented in  Reference  27. A wide range  of  cons t ra in t  types  
can be accommodated, the only requirement  being tha t  it must b e  p o s s i b l e  t o  
eva lua te  bo th  the  cons t r a in t  func t ions  and  cons t r a in t  g rad ien t s  fo r  each  
d e s i g n  s t e p .  I n  c o n c e p t ,  m u l t i p l e  f l u t t e r  c o n s t r a i n t s  c a n  be included,  
a l though there  may b e  p r a c t i c a l  d i f f i c u l t i e s  t o  b e  overcome ou t s ide  the 
opt imiza t ion  proper .  
The move d i r e c t i o n  v e c t o r  r e s u l t i n g  *om the  usua l  form of the equations 
a p p e a r s  t o  be ra ther  c rude ,  and  it is f e l t  tha t  an  a l te rna te  procedure ,  such  
as sugges ted  in  Reference  25, might r e s u l t  i n  a more e f f i c i e n t  move vec to r .  
The t r ea tmen t  o f  cons t r a in t  t o l e rances  and  de te rmina t ion  o f  s t ep - s i ze  seem 
overly complicated,  and s ignif icant  improvements  in  these areas should  be  
poss ib l e .  
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Overall, t h e  method seems t o  b e  q u i t e  r e p r e s e n t a t i v e  o f  t h e  d i r e c t  
methods of f lu t t e r  op t imiza t ion  and  compe t i t i ve  wi th  o the r  methods evaluated. 
The numer i ca l  eva lua t ions  r epor t ed  in  Appendix A show t h e  method t o  be much 
bet ter  behaved than would be ind ica t ed  by  cons ide ra t ion  o f  t he  move vec to r ,  
a n d  t h e  rate of  convergence demonstrated on the s implif ied test  case  is q u i t e  
s a t i s f a c t o r y .  A s  a r e s u l t ,  t h e  method of feasible d i r e c t i o n s  must be con- 
s i d e r e d  a s t r o n g  c a n d i d a t e  f o r  f u r t h e r  e v a l u a t i o n  i n  a r e a l i s t i c  d e s i g n  
environment. 
6.6 An Optimizat ion Method Usirg Incremented Flut ter  Analysis  
Incremented Flut ter  Analysis  w a s  conceived as a method f o r  e f f i c i e n t l y  
de t e rmin ing  des ign  pa rame te r s  fo r  ex te rna l  s to re s  sa t i s fy ing  a predetermined 
f lu t te r  speed  requi rement  (Reference  4). Its capabi l i ty  of  de te rmining  the  
va lue  o f  gene ra l  des ign  va r i ab le s  such  tha t  t he  f lu t t e r  speed  has  a given 
va lue  makes it attractive as a t o o l  i n  o p t i n i z a t i o n  w i t h  f l u t t e r  c o n s t r a i n t s .  
A s tudy  was t h e r e f o r e  i n i t i a t e d  t o  assess the usefulness  of  Incremented 
F l u t t e r  A n a l y s i s  as a too l  i n  an  op t imiza t ion  p rocedure .  It was u s e d  i n  a 
h e a v i l y  i n t e r a c t i v e  a p p r o ' a c h  t o  o p t i m i z a t i o n  f o r  f l u t t e r ,  u s i n g  t h e  Computer 
Graphics system. The r e s u l t i n g  method of  op t imiza t ion  w a s  demonstrated on a 
simulated design problem based on a subsonic transport  wing (Appendix A, 
Sec t ion  A . 7 )  and was a l so  used  on an actual design problem (arrow wing super- 
s o n i c  t r a n s p o r t ) .  
During th i s  deve lopment ,  the  method of  Incremented Flut ter  Analysis  was 
g e n e r a l i z e d  t o  be cons i s t en t  w i th  the  needs  in  a complex optimization program 
(Reference 1). 
A breadboard prototype of an automated computer program was developed 
and demonstrated on the same simulated design problem. 
I n  t h e  f o l l o w i n g ,  t h e  main features of the program and i t s  present form 
are presented based on da ta  in  Refe rence  18. 
6.6.1 Main Features  - The opt imiza t ion  method i s  a r e s i z i n g  r o u t i n e ' t h a t  
min imizes  to ta l  mass whi le  ma in ta in ing  the  f lu t t e r  speed  exac t ly  a t  a r equ i r ed  
value.  
Key features o f  t h e  method a r e  t h a t  t h e  r e s i z i n g  column i s  a l lowed  to  
c h a n g e  d i r e c t i o n ,  w i t h o u t  t h e  n e e d  t o  r e c a l c u l a t e  f l u t t e r  s p e e d  d e r i v a t i v e s ,  
during a one-dimensional minimization process in which the value of a s c a l a r  
a! i s  de te rmined  tha t  min imizes  the  to t a l  mass. 
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I n  t h e  methods of op t imiza t ion  d iscussed  in  the  preceding  sec t ions ,  a 
column of design var iable  increments  ( res iz ing column) km!] is def ined  as : 
(Am:} = ak [ dk]  
where  [dk] de f ines  a d i r ec t ion   i n   des ign   va r i ab le   space   and   t he   s ca l a r  (y 
a magnitude. The r e s i zed  des ign  is  related t o  t h e  o r i g i n a l  d e s i g n  b y  
k 
I n   t h i s  method t h e  r e s i z i n g  column is 
(Am:} = (dk(ak)}  
i .e. , t h e  d i r e c t i o n  of km:] i s  a funct ion  of  the  s c a l a r  CY. The s c a l a r  c\! 
is  d i s c u s s e d  i n  S e c t i o n  6.6.2. During  one  resizing  cycle,  i . e . ,  for  one  
va lue  o f  t he  supe r sc r ip t  k ,  one set  o f  d e r i v a t i v e s  o f  t h e  f l u t t e r  s p e e d  
w i t h  r e s p e c t  t o  t h e  d e s i g n  v a r i a b l e s ,  - i s  used. The column mat r ix  
{dk(ak)]  i s  a func t ion  of  - as w e l l  as s iz ing   cons t ra in ts .   Dur ing  the 
one-dimensional  minimization of  the t o t a l  mass wi th  CY as a v a r i a b l e ,  the  
method of  Incremented Flut ter  Analysis  is u s e d  t o  m a i n t a i n  t h e  f l u t t e r  s p e e d  
exac t ly  at t h e  desired va lue .  
6 .6 .2   Present  Form of Program - The r e s i z i n g  column P m i }  is  def ined  as 
t h e  sum of  a b a s i c  r e s i z i n g  column I C i ]  and  an  adjustment column 6 
av 





The elements of  (Ci} s a t i s f y   t h e   e q u a t i o n  
and thus would co r re spond  to  a zero  change i n  f l u t t e r  s p e e d  i f  V were a 
l i n e a r   f u n c t i o n   o f   t h e  m i ' s .  The s c a l a r  6 of   the  adjustment  column 
6@ij i s  determined  such  that  . .  
[Ami} = {Ci} + (Ai} 
r e s u l t s  e x a c t l y  i n  a zero change i n  f l u t t e r  s p e e d .  
I n  t h e  f o l l o w i n g  t h e  n o t a t i o n  - = i s  used.. av ami 'mi 
The des ign   va r i ab le s  are d i v i d e d   i n  an R group  and a Q group, 
such  tha t  
The divis ion  between  the R and Q group l i e s   w i t h i n   t h e   p o s i t i v e   r a n g e  
of Vmi . Thus a l l  d e s i g n   v a r i a b l e s   f o r  which V .<  0 are i n   t h e  R group. 
The l a r g e s t  Vmi i s  i d e n t i f i e d   b y  i = m and  the smallest p o s i t i v e  
by i = sp .  The d iv is ion   be tween  the  R and Q groups i s  def ined  by t h e  
i n e q u a l i t y  
m l  
'mi 
v /Vmi - 1 
vm/vmsp - 1  
mm 2 VR 
where VR i s  an   empir ica l   va lue .  It was found,  by  numerical  experimenta- 
t i o n ,  t h a t  VR = 0.3 i s  an  acceptab le  va lue  for t h e  t es t  c a s e  r e p o r t e d  i n  
Appendix A. For i = m t h e  l e f t  hand s ide   equals   zero ;  f o r  i = s p -  it 
equals  1. Thus the   des ign   va r i ab le s   fo r  which t h e   i n e q u a l i t y  (6.56) is  
satisfied b e l o n g   t o   t h e  R group. 
The a lgor i thm in  Reference  18 is  based on removing mass from each design 
v a r i a b l e  i n  t h e  R g roup   t ha t  i s  not a t  minimum s i z e .  Each mass removal is 
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individual ly  coupled with a change  of a l l  des ign  va r i ab le s  in  the  Q group 
such that  equat ion ( 6 . 5 3 )  i s  s a t i s f i e d .  Mass removal  from  a  design  variable 
i n  t h e  R group  for  which VmiER > 0 requi res   addi t ion   o f  mass i n  t h e  Q 
groupe If < 0 mass removal i n  t h e  R group is  compensated by  mass 
removal i n  t h e  Q group in  o rde r  t o  sa t i s fy  equa t ion  (6 .53 )  . 
The  column ma t r ix  { C r ) }  is t h e  change i n   t h e   d e s i g n   v a r i a b l e s   i n  
t h e  Q group  due t o  removal  of mass from  design  var iable  r .in t h e  . R 
. group.  In  Reference 18 t h e   d i s t r i b u t i o n  





i f  mass is t o   b e   s u b t r a c t e d  from t h e  Q group ( C m  C 0 and VmiER < 0 ) .  
Equation ( 6 . 5 7 )  expres ses  tha t  more is  added to  the  des ign  va r i ab le s  wi th  
the   h ighe r   va lues   o f  Vmi. Equation (6.58) expresses   tha t  more is  subt rac ted  
from t h e  d e s i g n  v a r i a b l e s  w i t h  the lower values of Vmi. 
The d i s t r i b u t i o n  f o r  removal  of mass i n  t h e  R group  used i n  Reference 18 
is : 
\ 
cr - - 
The fo rego ing  l eads  to  a b a s i c  r e s i z i n g  column t h a t  i s  t h e  sum of two 
columns t h a t  do not "overlap" and thus  can  be  wr i t ten  as  one  column 
(6.60) 
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The column mat r ix  [cr } i s  given  by  equation ( 6.59 ; {cq) by: 
where n i s  t h e  number of   design var!.ables i n   t h e  Q group. 
9 
Equations (6 .59)  and (6 .61)  d e f i n e   t h e   b a s i c   r e s i z i n g  column I C i }  wi th  
t h e   s c a l a r  C* def in ing  a magnitude. 
If the   va lue   o f  C* is  such   tha t   equa t ion  (6.59)  l e a d s  t o  t h e  v i o l a t i o n  
of minimum s i z e  c o n s t r a i n t s ,  t h a t  e q u a t i o n  i s  only used for  the elements  that  
do n o t  v i o l a t e  t h e  s i z e  c o n s t r a i n t s .  The other  e lements  are g iven  va lues  
co r re spond ing  to  the  minimum s i z e  c o n s t r a i n t s .  
Vio la t ion  of  a minimum s i z e  c o n s t r a i n t  b y  d e s i g n  v a r i a b l e s  i n  t h e  Q 
group i s  expec ted  to  be  in f r equen t .  The program,  however,  has  provisions t o  
guard  aga ins t  such  v io la t ion .  
The d i s t r i b u t i o n  of the  adjustment  column 6 A i s  d i s c u s s e d   i n  I il 
Reference 18. In   the   numer ica l  example i n  Appendix A ,  A = 0 except a t  
i = m (maximum - ) .  It i s  suggested,   however,   that  Ai = Ci f o r  iEQ 




1 .  
The v a l u e  o f  t h e  s c a l a r  6 i s  determined  by means of  Incremented  Flut ter  
Analysis .  The d e t e r m i n a n t a l   f l u t t e r   e q u a t i o n   ( a c c o r d i n g   t o   e q u a t i o n  ( 3 . 4 ) )  i s  
w r i t t e n  as: 
D 1 ( 7  + i )k,g,V,p,mi+Ci,6Ai = 0 
In   equat ion   (6 .62) ,  Y = 0 ,  g = 0,  V and p have  given  values;  m 
k I (6 .62)  
k 
i 
are the  va lues  of  the  des ign  var iab les  a t  the  beginning  of  the  cur ren t  
r e s i z i n g   s t e p ;   s a t i s f i e s   e q u a t i o n   ( 6 . 5 3 ) .   E q u a t i o n   ( 6 . 6 2 )  is solved by 
two-dimensional  Regula F a l s i   f o r  k and 6 . The complete   res iz ing column i s  
then determined by equation ( 6 . 5 4 ) .  
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If no s i z e  l i m i t a t i o n s  become a c t i v e ,  s i m p l e  s u b s t i t u t i o n  o f  equa-' 
t i o n  (6.59) in to  equa t ion  (6.61) shows t h a t  a l l  e lements  of  the  res iz ing  
column [ Ci] are p r o p o r t i o n a l   t o  C*. D i f f e ren t  values of C* can  be 
assumed; pm:} = [Ci} + 6 [ A d  can be computed and M = b ] [ m t  + Am:] can be 
computed as a funct ion  of  C*. This i s ,  i n  p r i n c i p l e ,  t h e  one  dimensional 
min imiza t ion  tha t  de t e rmines  the  d i r ec t ion  as w e l l  as the  magni tude  of  the  
r e s i z i n g  column. The t o t a l  mass M does  have a minimum due t o  n o n l i n e a r  
e f f e c t s ,  which are taken  in to  account  by  means of  Incremented Flut ter  Analysis .  
~ . J  . . I 
When s i z e  l i m i t a t i o n s  are a c t i v e   n o t  a l l  elements  of [ci] are propor- 
* t i o n a l   t o  C* and  nonalgebraic  operations are needed t o   o b t a i n  M as a 
funct ion  of  C*. The l o g i c  f o r  t h i s  is  presented   in   Reference  18. 
To f a c i l i t a t e  i n i t i a t i o n  o f  t h e  one dimensional minimization, a v a r i a b l e  
a =  - g cr i s  used. It i s  t h e  t o t a l  mass removed  from des ign  va r i ab le s  in  
t h e  R group  and  has a ve ry   s imple   r e l a t ion   t o  C*. The quan t i ty  , a !  has  a 
simple  physical  meaning,  independent of t h e  number of  des ign  var iab les .  An 
in i t i a l  va lue  can  be  chosen  as a f r a c t i o n  o f  t h e  t o t a l  mass represented by 
the  des ign  va r i ab le s .  
The numerical example of Reference 18 i s  p r e s e n t e d  i n  t h e  Appendix as 
Table A - 1 1 .  It s u g g e s t s  t h a t  t h e  method i s  very  powerfu l  in  reducing  the  
t o t a l  mass by a l a r g e  f r a c t i o n  (>80%)  of   the  difference  between  the  current  
t o t a l  mass and the minimum mass i n  a s i n g l e  s t e p .  * 
Although it i s  n o t  e s s e n t i a l  t o  t h e  o v e r a l l  method, it should be noted 
,?* t h a t   h e  program as descr ibed   in   Reference  18 uses   the  method of  Incremented 
F lu t t e r  Ana lys i s  t o  de t e rmine  the  va lues  o f  aV/ami by means of a f i n i t e  
difference approach (Reference 1). 
- .  
6.6.3 Concluding Remarks - The approach  t aken  in  th i s  method is d i s t i n c t l y  
d i f f e r e n t  from each of the other methods discussed, although it conta ins  
elements of several  of these methods.  One d i s t ingu i sh ing  f ea tu re  is t h a t  t h e  
f l u t t e r  s p e e d  i s  h e l d  e x a c t l y  a t  t h e  c o n s t r a i n t  v a l u e .  I n  f a c t ,  t h i s  feature 
is used t o  i n c l u d e  t h e  n o n l i n e a r  c h a r a c t e r  o f  t h e  f l u t t e r  s p e e d  a s . a  func t ion  
of  the  des ign  var iab les  and  makes i t  p o s s i b l e  t o  do a one-dimensional minimi- 
za t ion  o f  t he  ob jec t ive  func t ion  i t s e l f ,  r a the r  t han  o f  a modi f ied  objec t ive  
func t ion  as i n  t h e  p e n a l t y  f u n c t i o n  method. 
Another  d i s t inguish ing  fea ture  i s  the  depa r tu re  from t h e  t r a d i t i o n a l  d i s -  
t r i b u t i o n s  i n  t h e  r e s i z i n g  column, which are l a rge ly  based  on  the  g rad ien t  of 
t h e  v e l o c i t y  a n d  t h e  t o t a l  mass. It has  been demonstrated that  empir ical ly  
genera ted  d is t r ibu t ions  can  lead  to  rap id ly  converg ing  opt imiza t ion  procedures .  
A t h i r d  feature i s  the  use  o f  Inc remen ted 'F lu t t e r  Ana lys i s .  It i s  not  
cons idered  advantageous  to  use Incremented  Flu t te r  Analys is  to  de te rmine  the  
d e r i v a t i v e s  o f  t h e  f l u t t e r  s p e e d  b y  t h e  f i n i t e  d i f f e r e n c e  method. However, 
Incremented  Flu t te r  Analys is ,  as executed with the help of  the two-dimensional  
Regula  Fals i  method f o r  s o l v i n g  two nonl inear  equat ions with two unknowns, 
is  a n  e f f i c i e n t  method f o r  k e e p i n g  t h e  f l u t t e r  s p e e d  e x a c t l y  c o n s t a n t .  T h i s  
use  of  Incremented  Flu t te r  Analys is  could  be used  advantageous ly  in  some of  
t h e  o t h e r  me thods  o f  op t imiza t ion :  keep ing  the  f lu t t e r  speed  exac t ly  cons t an t  
f a c i l i t a t e s  t h e  o b s e r v a n c e  o f  a convergence crTter ion for  minimum t o t a l  mass 
s i n c e  s i d e  e f f e c t s  d u e  t o  d r i f t  o f  t h e  f l u t t e r  s p e e d  are avoided. 
6.7 Comparison of Optimization Methods 
6.7.1 General - I n  comparing the  op t imiza t ion  methods discussed i n  
Sec t ions  6 .2  - 6.6,  many d i f f e rences  in  p rocedura l  de t a i l  a r e  appa ren t .  
Spec i f i ca l ly ,  d i f f e rences  in  gene ra t ing  the  d i s t r ibu t ion  and  magn i tude  o f  
t h e  r e s i z i n g  column can be recognized. O f  these two, however, t h e  more b a s i c  
d i f f e rence  r e l a t e s  t o  the  de t e rmina t ion  o f  t he  magn i tude  o f  t he  r e s i z ing  
column, or s t e p  s i z e .  S e v e r a l  o f  t h e  methods - the  weight  grad ien t  op t imiza-  
t i o n  o f  Simodynes (Sec t ion  6 .3 )  and  the  ve loc i ty  g rad ien t ,  mass g r a d i e n t , a n d  
g rad ien t  p ro jec t ion  methods of Rudisil l-Bhatia (Section 6.2) - employ a r b i t r a r y  
s t e p  s i z e s .  I n  c o n t r a s t ,  t h e  p e n a l t y  f u n c t i o n  method (Sec t ion  6 . 4 ) ,  t h e  
method o f  f e a s i b l e  d i r e c t i o n s  ( S e c t i o n  6 .5 )  and  the  method inco rpora t ing  
Incremented Flut ter  Analysis  (Sect ion 6.6) a l l  make use of  a s t e p  s i z e  d e t e r -  
mined  by w e l l  d e f i n e d  c r i t e r i a .  I n  t h e  f o l l o w i n g ,  t h e s e  two groups are d is -  
cussed separately and then a candida te  res iz ing  procedure  is  synthes ized ,  
based on the analyt ical  and numerical  evaluat ions conducted thus far. 
6.7.2 Arbi t rary Step-Size Procedures  - The resizing procedures employing an 
a r b i t r a r y  s t e p  s i z e  are cha rac t e r i zed  by  a wel l -def ined resizing cycle  which 
-~ 
i s  usua l ly  s imple  and  s t r a igh t fo rward .  In  gene ra l ,  one  f lu t t e r  so lu t ion  
(wi th  two c h a r a c t e r i s t i c  v e c t o r s )  a n d  one set  o f  f l u t t e r  d e r i v a t i v e s  are 
r equ i r ed  fo r  each  s t ep .  The procedures  based on c o n s t a n t  f l u t t e r  s p e e d  
(S imodyne ' s  weight  grad ien t  and  the  grad ien t  pro jec t ion  search  of  Rudis i l l -  
B h a t i a )  r e l y  on a l i n e a r i z a t i o n ,  b a s e d  on t h e  f l u t t e r  v e l o c i t y  d e r i v a t i v e s ,  
t o  h o l d  t h e  f l u t t e r  s p e e d  c o n s t a n t .  A s  a result, t h e  a c t u a l  f l u t t e r  s p e e d  
t e n d s  t o  d r i f t  (downward, i n  most p r a c t i c a l  r e s i z i n g  e x e r c i s e s )  a n d  must 
p e r i o d i c a l l y  b e  c o r r e c t e d .  It is  th is  tendency  which  e f fec t ive ly  limits 
s t ep - s i ze ,  s ince  l a rge  excur s ions  from t h e  r e q u i r e d  f l u t t e r  s p e e d m a r e  unde- 
sirable. Rather  than  a t tempt ing  to  maximize step-size,  however, a moderate 
s t e p s i z e  i s  chosen, based on experience and engineering judgment, and the 
a t tendant  pena l ty  of  an  increased  number o f  s t eps  i s  accepted.  
In  terms of  specif ic  procedures ,  the Rudisi l l -Bhat ia  methods should be 
somewhat  more e f f i c i e n t  t h a n  t h e  w e i g h t  g r a d i e n t  method of  Simodynes. As  
i nd ica t ed  in  Sec t ion  6 .3 ,  t he  f r equency  cons t r a in t  imposed by t h i s  l a t t e r  
p r o c e d u r e  r e s u l t s  i n  a degree of approximation which probably cannot be 
j u s t i f i e d  on t h e  b a s i s  o f  t h e  r e s u l t i n g  s i m p l i f i c a t i o n s .  I n  t h e  m o d i f i e d  
procedure (Sect ion 6.3.3) , t h i s  f r equency  cons t r a in t  i s  removed and t h e  
r e su l t i ng  p rocedure  i s  shown t o  b e  similar t o  t h e  g r a d i e n t  p r o j e c t i o n  
search  of  Rudisil l-Bhatia.   In  comparing  these two procedures ,  the  Rudis i l l -  
Bhatia approach has a s i g n i f i c a n t  a d v a n t a g e  i n  t h a t  it does  not  requi re  the  
s e l e c t i o n  o f  a dependent  design var iable ,  and thus el iminates  the resul t ing 
inf luence  of  th i s  choice  on  the  per formance  of  the  procedure .  The use  of  
t h e  f l u t t e r  v e l o c i t y  d e r i v a t i v e s  as developed by Rudisi l l -Bhat ia ,  ra ther  than 
the normalized derivatives of Simodynes,  has some advantage i n  a procedure 
which incorporates a nonze ro  f lu t t e r  ve loc i ty  inc remen t .  Th i s  would b e  t h e  
case  when u s i n g  t h e  f l u t t e r  v e l o c i t y  g r a d i e n t  t o  d e f i n e  a design variable 
d i s t r i b u t i o n  t o  i n c r e a s e  t h e  f l u t t e r  speed of an i n i t i a l l y  d e f i c i e n t  s y s t e m ,  
or t o  make small f l u t t e r  v e l o c i t y  c o r r e c t i o n s  d u r i n g  t h e  r e s i z i n g  c y c l e s .  
For use i n  cons tan t  f l u t t e r  velocity procedures,  however,  it i s  shown i n  
Sec t ion  A . 3 . 3 ,  Appendix A, t h a t  t h e  two forms of  the  der iva t ive  may be used 
interchangeably.  
The two most useful  procedures  employing arbi t rary s tep s ize  would then 
a p p e a r  t o  b e  t h e  v e l o c i t y  g r a d i e n t  s e a r c h  and t h e  g r a d i e n t  p r o j e c t i o n  s e a r c h  
of   Rudis i l l -Bhat ia .  A s  env i s ioned  in  Sec t ion  6.7.4,  th i s  former  procedure  
would not  be implemented using an arbi t rary s tep-s ize .  The most useful  
app l i ca t ion  o f  t he  ve loc i ty  g rad ien t  s ea rch  p rocedure  i s  i n  i n c r e a s i n g  t h e  
f l u t t e r  s p e e d  of a f l u t t e r - d e f i c i e n t  s y s t e m  t o  t h e  r e q u i r e d  f l u t t e r  s p e e d  i n  
a nea r ly  optimum  manner. It i s  shown i n  S e c t i o n  A . 4 . 1 ,  however, t h a t  t h e  u s e  
o f  a s i n g l e  s t e p  t o  a c c o m p l i s h  t h i s  i s  probably  the  most e f fec t ive  procedure .  
A s  a consequence, it seems reasonab le  to  use  the  Inc remen ted  F lu t t e r  Ana lys i s  
technique  (c f .  page  43)  ' to  de te rmine  the  s tep-s ize  necessary  to  sa t i s fy  the  
f l u t t e r  s p e e d  c o n s t r a i n t  e x a c t l y .  The gradien t  pro jec t ion  search  could  a l so  
be improved by a m o d i f i c a t i o n  o f  t h e  r e s i z i n g  column such t h a t  t h e  mass 
g rad ien t  component i s  rep laced  by t h e  r e c i p r o c a l  o f  t h e  f l u t t e r  s p e e d  
d e r i v a t i v e s ,  r e s u l t i n g  i n  a r e s i z i n g  column defined by equations (A.3),  ( A . 4 )  
and ( A . 5 )  o f  Appendix A. A comparison of Tables A-5 and A-8 of Appendix A 
i n d i c a t e s  t h a t ,  a t  l e a s t  for t h e  i d e a l i z e d  tes t  case  eva lua ted  there ,  a 
s i g n i f i c a n t  i n c r e a s e  i n  e f f i c i e n c y  r e s u l t s  from t h i s  m o d i f i c a t i o n .  
6.7.3 Defined  Step-Size  Procedures - In resizing procedures employing a 
def ined  s tep-s ize ,  an  a t tempt  i s  made t o  maximize the  s t ep - s i ze  so as t o  
d e r i v e  t h e  maximum b e n e f i t  from a s ing le  r e s i z ing  s t ep .  Th i s  maximum step-  
s i z e  i s  determined by a well-defined set  o f  c r i t e r i a ,  u s u a l l y  i n v o l v i n g  t h e  
cond i t ion  o f  t he  cu r ren t  des ign  wi th  r e spec t  t o  the  des ign  cons t r a in t s .  
Eva lua t ing  these  c r i t e r i a  u sua l ly  invo lves  the  de t e rmina t ion  of  t h e  f l u t t e r  
speed ,  a long  wi th  o the r  cons t r a in t  cond i t ions ,  a t  seve ra l  po in t s  a long  the  
move pa th  du r ing  one  s t ep .  In  con t r a s t  t o  t he  a rb i t r a ry  s t ep - s i ze  p rocedures ,  
then ,  the  def ined  s tep-s ize  procedures  normal ly  resu l t  in  a g r e a t e r  mass 
r e d u c t i o n  f o r  e a c h  set o f  f l u t t e r  d e r i v a t i v e s  c a l c u l a t e d ,  b u t  a t  the  expense  
o f  a g r e a t e r  number o f  r e q u i r e d  f l u t t e r  s o l u t i o n s .  
Each of  t he  th ree  de f ined  s t ep - s i ze  p rocedures  d i scussed  in  the  p reced-  
i n g  s e c t i o n s  h a s  d i s t i n c t  c h a r a c t e r i s t i c s ,  and meaningful comparisons are 
d i f f i c u l t  t o  make. Some genera l  observa t ions  are  poss ib l e ,  however, a l lowing  
some t e n t a t  7 V F !  Ponclusions to be drawn. 
The penal ty  func t ion  procedure  (Sec t ion  6.4) i s  perhaps the most versatile 
of  the  three  procedures  cons idered .  The t r ea tmen t  o f  cons t r a in t s  i s  s t r a i g h t -  
forward,  making automation of  the procedure par t icular ly  s imple.  A step is 
te rmina ted  before  a c o n s t r a i n t  v i o l a t i o n  o c c u r s ,  b u t  t h e  c o n s t r a i n t s  are 
cont inuous3y ac t ive  and  exer t  some in f luence  on  the  d i r ec t ion  o f  each  r e s i z ing  
step. The e f f i c i e n c y  o f  t h e  method is t o  a s igni f icant  degree  dependent  on  
t h e  h a n d l i n g  o f  t h e  p e n a l t y  term we igh t ing  f ac to r s  a s soc ia t ed  wi th  the  con- 
straints (equat ion  ( 6 . 3 8 ) ) ,  so t h a t  some judgement and experience are bo th  
r e q u i r e d  i n  t h e  s e l e c t i o n  of t h e s e  f a c t o r s .  A more t roublesome diff icul ty  
might be e n c o u n t e r e d  i n  t h e  u s e  o f  t h e  d i r e c t i o n  g e n e r a t i n g  a l g o r i t h m  b a s e d  
on  Newton's  method. A s  shown i n  e q u a t i o n  (6.41), t h e  m a t r i x  o f  c o e f f i c i e n t s  
o f  t he  des ign  variable second der ivat ives  must  be inverted,  and it i s  
i n d i c a t e d  i n  R e f e r e n c e  16 t h a t  t h i s  m a t r i x  may be  s ingular  or . i l1 -condi t ioned .  
Although means t o  a v o i d  t h i s  problem are sugges t ed ,  computa t iona l  d i f f i cu l t i e s  
may s t i l l  ar ise  i n  p r a c t i c a l  d e s i g n  t a s k s  i n v o l v i n g  l a r g e  numbers of  design 
v a r i a b l e s .  
The method o f  feasible d i r e c t i o n s  ( S e c t i o n  6 .5)  provides  a t rea tment  of  
c o n s t r a i n t s  which i s  d i f f e r e n t  from t h a t  o f  e i t h e r  o f  t h e  o t h e r  two methods 
cons idered  here .  For t he  f lu t t e r  speed  cons t r a in t  ( and  p resumab ly  o the r  
non l inea r  cons t r a in t s )  t he  approach  appea r s  t o  be q u i t e  s a t i s f a c t o r y .  It i s  
similar t o  t h a t  o f  t h e  p e n a l t y  f u n c t i o n  method, i n  t h a t  t h e  "push-off" f a c t o r  
can be considered as ana logous  to  the  pena l ty  we igh t ing  f ac to r s  o f  that 
p r o c e d u r e .  I n  t h e  f e a s i b l e  d i r e c t i o n s  method,  however, t h e  move d i r e c t i o n  i s  
r e s t r i c t e d  t o  t h e  u s a b l e  as w e l l  as f e a s i b l e  r e g i o n .  A s  a consequence,  each 
move must r e d u c e  t h e  o b j e c t i v e  f u n c t i o n  ( t o t a l  mass) as w e l l  as avoid a 
v io l a t ion  o f  t he  des ign  cons t r a in t s .  In  con t r a s t ,  t he  pena l ty  func t ion  move 
must r educe  the  mod i f i ed  ob jec t ive  func t ion ,  bu t  no t  necessa r i ly  the  ob jec t ive  
f'unction i t s e l f .  For l i n e a r  c o n s t r a i n t s ,  s u c h  as minimum s i z i n g  c o n s t r a i n t s ,  
t h e  f e a s i b l e  d i r e c t i o n s  method i s  fo rmula t ed  such  tha t  t he  cons t r a in t s  are not 
a c t i v e  u n t i l  a c o n s t r a i n t  v i o l a t i o n  o c c u r s ,  and t h e  r e s i z i n g  s t e p  is  
terminated a t  t h a t  p o i n t .  P r i o r  t o  t h e  c o n s t r a i n t  v i o l a t i o n ,  t h e  c o n s t r a i n t  
exerts no in f luence  on  the  move d i r e c t i o n  and the re fo re  such  cons t r a in t  
v i o l a t i o n s  are normal  occurrences. For t h e  i d e a l i z e d  t e s t  case  evaluated 
i n  Appendix A, t h i s  c h a r a c t e r i s t i c  d id  no t  apprec i ab ly  deg rade  the  e f f i c i ency  
of t he  p rocedure ;  on ly  fou r  s i z ing  cons t r a in t s  became a c t i v e  d u r i n g  t h e  
opt imizat ion,  and a s igni f icant  weight  reduct ion  resu l ted  f rom each  s tep .  In  
a more r e a l i s t i c  d e s i g n  c a s e ,  w i t h  a l a r g e  number of minimum s i z e  c o n s t r a i n t s ,  
it is a n t i c i p a t e d  t h a t  a s i g n i f i c a n t  number o f  s h o r t ,  i n e f f e c t i v e  moves would 
r e s u l t  from s i z ing  cons t r a in t  encoun te r s .  Once a l i n e a r  c o n s t r a i n t  becomes 
a c t i v e ,  however, t h e  c o n s t r a i n t  i s  i n c o r p o r a t e d  i n  t h e  move d i r e c t i o n  so 
that  subsequent  moves take  p lace  a long  the  cons t ra in t  boundary .  The condi t ions  
imposed on t h e  d i r e c t i o n  o f  t h e  move v e c t o r  r e s u l t  i n  d e s i g n  v a r i a b l e  i n c r e -  
ments t h a t ,  i n  g e n e r a l ,  a r e , e q u a l  i n  m a g n i t u d e ,  are p o s i t i v e  f o r  t h e  d e s i g n  
variables wi th  the  h ighe r  values of  a V / a m  and are nega t ive  fo r  t he  des ign  
variables wi th   the   lower   va lues   o f  aV/arn. Thus there appears  a l a c k  o f  
d i f f e r e n t i a t i o n  between the  des ign  var iab le  increments  w i t h  equa l  a lgebra ic  
s ign .  It should be noted,  however ,  that  the resul ts  of  the numerical  evalua-  
t i o n s  d e s c r i b e d  i n  Appendix A do n o t  s u b s t a n t i a t e  t h i s  l a c k  o f  e f f i c i e n c y .  
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The procedure  incorpora t ing  the  use  of  Incremented  Flu t te r  Analys is  i n  
a formalized resizing procedure (Sect ion 6.6) u t i l i z e s  a concep t  t o  de f ine  
step-size which i s  s i g n i f i c a n t l y  d i f f e r e n t  from t h a t  o f  e i t h e r  o f  t h e  o t h e r  
two methods discussed here.  I n  p r i n c i p l e ,  a d i s t r ibu t ion  o f  des ign  variable 
increments is  def ined which reduces total  mass and which, on a l i n e a r  b a s i s ,  
produces no change i n  f l u t t e r  s p e e d .  S i n c e  f l u t t e r  s p e e d  i s  not  a l i n e a r  . 
funct ion of  the design var iables ,  however ,  any f i n i t e  va lue  o f  t h i s  i nc remen ta l  
d i s t r i b u t i o n  w i l l  produce ( i n  a l l  p r a c t i c a l  c a s e s )  a d e c r e a s e  i n  f l u t t e r  
speed .  Fo r  seve ra l  va lues  o f  t he  inc remen ta l  d i s t r ibu t ion ,  t he  value of  an  
adjustment increment i s  determined by the Incremented Flutter Analysis tech- 
nique which b r i n g s  t h e  f l u t t e r  s p e e d  e x a c t l y  b a c k  t o  t h e  r e q u i r e d  v a l u e .  For 
some v a l u e  o f  t h e  i n c r e m e n t a l  d i s t r i b u t i o n  t h e  t o t a l  mass w i l l  be a minimum; 
t h i s  p o i n t  d e f i n e s ,  t h e  end  of  the  s tep .  By t h i s  m e a n s , , t h e  n o n l i n e a r i t i e s  i n  
t h e  f l u t t e r  c o n s t r a i n t  are exp l i c i t l y  accoun ted  fo r ,  and t h e  maximum mass 
reduct ion  for a g i v e n  s e t  o f  v a l u e s  o f  t h e  f l u t t e r  s p e e d  d e r i v a t i v e s  i s  
achieved.  In  the process  of  determining the s tep-s ize  associated with the 
minimum mass, minimum s i z e  c o n s t r a i n t s  are enforced as necessary.  To t h a t  
e x t e n t ,  t h e  d i r e c t i o n  v e c t o r  o f  t h e  d e s i g n  v a r i a b l e s  is  a f u n c t i o n  o f  t h e  
move ampl i tude ,  the  d i rec t ion  conforming  to  the  s ize  cons t ra in ts .  
A s  p resented  in  Reference  18 and as used in  the  numer i ca l  eva lua t ions  
of  Appendix A,  t h e  method desc r ibed  in  Sec t ion  6.6 d i f f e r s  i n  two o ther  
respects  from  the  other  methods  evaluated. The f l u t t e r  d e r i v a t i v e s  are 
ob ta ined  th rough  the  use  o f  Inc remen ted  F lu t t e r  Ana lys i s  i n  the  form of  
increments  in  each  ind iv idua l  des ign  var iab le  requi red  for  a reference change 
i n  f l u t t e r  s p e e d .  The r e su l t s  o f  t he  numer i ca l  eva lua t ion  ind ica t e  tha t  t h i s  
f i n i t e  d i f f e r e n c e  f o r m  o f  t h e  f l u t t e r  d e r i v a t i v e s  r e s u l t s  i n  va lues  compa- 
r a b l e  t o  t h o s e  o b t a i n e d  from t h e  a n a l y t i c  form, and t h a t  t h e  two forms may be  
used  interchangeably.  It is  recognized, however, t h a t  t h e  u s e  o f  t h i s  p r o -  
c e d u r e  f o r  o b t a i n i n g  t h e  f l u t t e r  d e r i v a t i v e s  - which r equ i r e s  the  equ iva len t  
of a f l u t t e r  s o l u t i o n  f o r  each design var iable  - is n o t  e f f i c i e n t  f o r  a 
prac t ica l  des ign  task  involv ing  a l a r g e  number of  design var iables .  In  such 
a c a s e ,  t h e  u s e  o f  t h e  a n a l y t i c  form of  the  der iva t ive  would be  more econom- 
i c a l .  The o t h e r  a r e a  i n  which t h i s  method d i f f e r s  from those  previous ly  
discussed i s  i n  t h e  f o r m a t i o n  o f  t h e  r e s i z i n g  move vec to r .  The sepa ra t ion  
o f  t he  des ign  va r i ab le s  in to  two groups,  those with higher values .of aV/am 
and those  with  lower  values   of  a V / a m ,  is  empirical ,   and it i s  no t   c l ea r  
t h a t  t h e  c r i t e r i o n  u s e d  i n  S e c t i o n  6.6 would b e  e f f i c i e n t  i n  a l l  cases .  The 
d i s t r i b u t i o n  o f  t h e  i n c r e m e n t s  f o r  t h e  d e s i g n  v a r i a b l e s  w i t h  t h e  h i g h e r  v a l u e s '  
o f  N / a m  i s  p r o p o r t i o n a l  t o  t h e  v e l o c i t y  g r a d i e n t ,  b u t  t h e  d i s t r i b u t i o n  f o r  
the  des ign  var iab les  wi th  the  lower  va lues  of  a V / a m  is  a second  order 
func t ion  o f  t he  r ec ip roca l s  o f  t he  ve loc i ty  de r iva t ives .  The r e s u l t s  o f  a 
numer ica l  eva lua t ion  us ing  the  move vec tor  of  Sec t ion  A . 3 . 3 ,  Appendix A, i n  
p l a c e  o f  t h e  move vec to r  desc r ibed  in  Sec t ion  6.6 i n d i c a t e  t h a t  t h e  e f f i -  
c i e n c y  o f  t h e  two move vec to r s  i s  a p p r o x i m a t e l y  e q u a l ,  a t , l e a s t  i n  terms of  
t h e  i d e a l i z e d  t e s t  c a s e  o f  Appendix A. I n  view o f  t h i s ,  it i s  considered 
t h a t  t h e  more complex move vec tor  presented  i n  Sec t ion  6.6 i s  n o t  j u s t i f i e d  
on t h e  basis o f  p r e s e n t  r e s u l t s .  
. .  
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6.7.4 Formulation of a Resizing Procedure - Based on t h e  e v a l u a t i o n s  
p r e s e n t e d  i n  t h i s  s e c t i o n  and the results of  the  numer ica l  eva lua t ions  - 
p r e s e n t e d  i n  Appendix A, a res iz ing  procedure  can  be formulated which wili' 
result i n  a n  improved performance over that  of any of the specific methods 
discussed:'. It i s  recognized  tha t  the  eva lua t ions  of  the  res iz ing  procedures  
are not complete; any promising procedure must be f u r t h e r  e v a l u a t e d  i n  terms 
of a r e a l i s t i c  d e s i g n  t a s k  i n  o r d e r  t o  a r r i v e  a t  f i r m  conclusions.  I n  
p a r t i c u l a r ,  f u r t h e r  e v i d e n c e  must b e  o b t a i n e d  t o  d e t e r m i n e  t h e  relative 
e f f i c i ency  o f  t he  a rb i t r a ry  s t ep - s i ze  and  de f ined  s t ep - s i ze  p rocedures .  
For t h e  time being, however, i t  w i l l  be  premised that  the problems associated 
with a p r a c t i c a l  d e s i g n  t a s k  w i l l  d i c t a t e  t h e  u s e  o f  a def ined  s tep-s ize  
procedure. These problems, some of  which are d i s c u s s e d  i n  S e c t i o n  7, would 
seem t o  i n d i c a t e  t h a t  t h e  g r e a t e s t  p o s s i b l e  mass reduct ion should be obtained 
f o r  e a c h  s t e p ,  s i n c e  t h e  s t r u c t u r a l  r e a n a l y s i s  r e q u i r e d  p e r  r e s i z i n g  s t e p  may 
be much more ex tens ive  than  i s  general ly  recognized.  
As qual i f ied  by  the  preceding  paragraph ,  the  prefer red  res iz ing  pro-  
cedure may b e  d e s c r i b e d  i n  t e r m s  o f  t h e  f o l l o w i n g  c h a r a c t e r i s t i c s :  
F lu t t e r  speed  de r iva t ives  are of t h e  a n a l y t i c  t y p e ,  c a l c u l a t e d  b y  t h e  
method of Rudis i l l -Bhat ia  (Sec t ion  6.21, poss ib ly  gene ra l i zed  by t a k i n g  i n t o  
accoun t  t he  de r iva t ives  o f  t he  v ib ra t ion  modes w i t h  r e s p e c t  t o  t h e  d e s i g n  
v a r i a b l e s .  
The i n i t i a l  r e s i z i n g  s t e p  is  one  which  increases  the  f lu t te r  speed  of  
t h e  f l u t t e r - d e f i c i e n t  d e s i g n  t o  t h e  r e q u i r e d  v a l u e .  T h i s  i s  done i n  a 
nearly-optimum manner by the  add i t ion  o f  des ign  va r i ab le  inc remen t s  d i s t r ibu ted  
a c c o r d i n g  t o  t h e  v e l o c i t y  g r a d i e n t .  The t o t a l  r e q u i r e d  f l u t t e r  s p e e d  i n c r e -  
ment i s  o b t a i n e d  i n  a s ing le  s t ep ,  and  a form of  Incremented Flut ter  Analysis  
i s  used  to  de t e rmine  the  magn i tude  o f  t he  s t ep  r equ i r ed  to  sa t i s fy  the  f l u t t e r  
c o n s t r a i n t  e x a c t l y .  
Subsequent  res iz ing s teps  are  performed a t  c o n s t a n t  f l u t t e r  s p e e d ,  u s i n g  
the technique of  minimizat ion of  the  o b j e c t i v e  f u n c t i o n  (mass) d e s c r i b e d  i n  
Sec t ion  6.6 i n  o r d e r  t o  d e t e r m i n e  t h e  s t e p - s i z e .  A s  d i s c u s s e d  i n  t h a t  s e c t i o n ,  
the  pr imary  d is t r ibu t ion  of  des ign  var iab le  increments  i s  such as t o  produce 
ze ro  f lu t t e r  ve loc i ty  change  on  a l i n e a r i z e d  b a s i s .  I n c r e m e n t e d  F l u t t e r  
Analysis i s  then  used  to  de te rmine  the  magni tude  of  an  ad jus tment  column of  
i n c r e m e n t s  r e q u i r e d  t o  m a i n t a i n  t h e  a c t u a l  f l u t t e r  s p e e d  c o n s t a n t .  The 
t o t a l  mass of  the  des ign  var iab les ,  inc luding  both  the  pr imary  and  ad jus tment  
d i s t r i b u t i o n s ,  i s  determined as a func t ion  of  s tep-s ize ,  and  the  s tep-s ize  
cor responding  to  minimum mass chosen.  Using t h i s  conf igu ra t ion  as a s t a r t i n g  
p o i n t ,  t h e  r e s i z i n g  c y c l e  i s  repea ted .  
The s i z i n g  c o n s t r a i n t s  a r e  s a t i s f i e d  i n  t h e  manner o f  Sec t ion  6.6, wi th  
t h e  d i r e c t i o n  of  t h e  move vector  being modif ied as c o n s t r a i n t s  are encountered 
dur ing  the  minimiza t ion  of  the  objec t ive  func t ion .  Note  tha t  the  f lu t te r  
c o n s t r a i n t  i s  s a t i s f i e d  a t  each substep of  the minimizat ion.  
The move vec to r  fo r  des ign  variables cor responding  to  positive values 
of av/am i s  based  on  the  combina t ion  of  the  ve loc i ty  grad ien t  and  the  
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n e g a t i v e  r e c i p r o c a l s  o f  t h e  f l u t t e r  d e r i v a t i v e s  shown i n  S e c t i o n  A.3 .3 .  
For  design variables cor responding   to   nega t ive   va lues   o f  aV/am, modified 
d i s t r i b u t i o n s  will be used,  some options of which are  d iscussed  in  Reference  1. 
A summary discussion 'of this procedure and an example of nymerical  
1 
results are presented  in  Reference  28. 
7. CONSIDERATIONS RELATED TO A REALISTIC 
D E S I G N  ENVIRONMENT 
. ,  
I n   t h e  literature o n  o p t i m i z a t i o n  w i t h  f l u t t e r  c o n s t r a i n t s ,  t h e  methods 
presented  are i l l u s t r a t e d  w i t h  examples of varying complexity.  One example 
in  Refe rence  16 i s  based on 156 structural  degrees of freedom and 23 design 
variables. The example in  Reference  29 i s  based  on 150 degrees of freedom 
and 100 design variables. A s  much as t h e s e  numbers surpass  the corresponding 
numbers i n  earlier examples i n  t h e  l i t e r a t u r e ,  t h e y  f a l l  s h o r t  o f  what may b e  
encoun te red  in  a r ea l i s t i c  des ign  env i ronmen t .  Thus,  problems t h a t  may r e s u l t  
from such an environment remain unexposed. During the present work, several 
a s p e c t s  of  dea l ing  wi th  an  ac tua l  des ign  have  been  examined. They are d i s -  
cussed  in  the  fo l lowing  sec t ions ,  t oge the r  w i th  o the r  a spec t s  t o  which l i t t l e  
or no a t t e n t i o n  c o u l d  be given.  
7.1 S t r u c t u r a l  Model 
The mathematical  model r ep resen t ing  the  s t ruc tu re  obv iouk ly  is  an  
impor t an t  e l emen t  o f  s t ruc tu ra l  op t imiza t ion  wi th  f lu t t e r  cons t r a in t s .  F in i t e  
e lement  s t ructural  models  with thousands of  e lements  and a corresponding 
number of nodal displacements as degrees of freedom are used  fo r  stress and 
s t i f f n e s s  a n a l y s i s  o f  a g i v e n  s t r u c t u r e .  A dup l i ca t ion  o f  e f fo r t  can  be  
avoided i f  t h e  same s t r u c t u r a l  model can  be  used  fo r  f lu t t e r  op t imiza t ion .  
It should be n o t e d  t h a t  f o r  a f l u t t e r  a n a l y s i s ,  o r  a l o a d s  a n a l y s i s  
i nc lud ing  ae roe la s t i c  e f f ec t s ,  t he  r e f inemen t  o f  a multi-thousand element 
s t r u c t u r a l  model is  not  required.  For the  cur ren t  type  of  subsonic  t ranspor t s ,  
a .relatively simple beam model s u f f i c e s  f o r  f l u t t e r .  For supersonic   t rans-  
p o r t s ,  however, as are i n  e x i s t e n c e  a n d  p r o j e c t e d  f o r  t h e  f u t u r e ,  a simple 
beam model i s  inadequate and a f i n i t e  element  model  must be used. This 
imp l i e s  t ha t  me thods  o f  op t imiza t ion  ' f o r  f l u t t e r  must b e  a b l e  t o  h a n d l e  f i n i t e  
e l emen t  t ype  s t ruc tu ra l  r ep resen ta t ion .  
The t y p i c a l  s t r u c t u r a l  model f o r  stress ana lys i s  has  a number of degrees 
o f  freedom tha t  exceeds  what a t  p re sen t  seems p r a c t i c a b l e  f o r  t h e  r e p e t i t i v e  
v ib ra t ion  ana lys i s  expec ted  in  a f l u t t e r  o p t i m i z a t i o n  program. A reduced 
number of degrees of freedom can be obtained by using a s t i f f n e s s  m a t r i x  o f  
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reduced  s ize  i n  t h e  v i b r a t i o n  a n a l y s i s  or by generat ing a c o a r s e r  f i n i t e  
element model fo r  ae roe la s t i c  ana lyses ,  wh ich  may or may no t  r equ i r e  f i r t he r  
s i ze  r educ t ion .  
The common approach t o  c o o r d i n a t e  r e d u c t i o n  i s  one i 'n which coordinates 
t o  b e  e l i m i n a t e d  are assumed t o  have zero loads.  This i s  o f t e n  c a l l e d  s t a t i c  
r educ t ion  in  con t r a s t  w i th  the  approach  o f  Refe rence  30; which can be cal led 
dynamic r e d u c t i o n ,  s i n c e  t h e  r e d u c t i o n  is  a func t ion  of the  f requency .  If 
t h e   b a s i c   s t i f f n e s s   m a t r i x  [\] i s  p a r t i t i o n e d  as i n d i c a t e d   i n   e q u a t i o n  (7 .1) ,  
r - .  
the   reduced  matr ix ,  Fr]., i s  given  by  equat ion  (7 .2) .  
If the  inc remen ta l  s t i f fnes s  due to  inc reas ing  the  des ign  va r i ab le  p, 
I 
a u n i t  amount i s  [AKi], t h e  b a s i c  s t i f f n e s s  m a t r i x ,  as a func t ion  o f  t h e  
pi 's i s :  
where pi i s  d e f i n e d   r e l a t i v e   t o  a r e fe rence   va lue .  
~ 
In   gene ra l ,   t he re fo re ,  [Kr] i s  a nonl inear   func t ion   of  due t o  t h e  4 
t r i p l e  p roduc t  and  inve r s ion  in  equa t ion  (7 .2 ) .  Thus, t o  com2ute 
the  coord ina te  r educ t ion  r ep resen ted  by  equa t ion  (7 .2 )  must be  repea ted  for 
each combination of values of Pi * 
I n  most f l u t t e r  o p t i m i z a t i o n  p r o c e d u r e s ,  t h e  d e r i v a t i v e  o f  t h e  s t i f f n e s s  
, wi th   r e spec t  t o  many des ign   va r i ab le s  pi is  requi red .  
The procedure i s  as fol lows:  
Equat ion (7.2)  i s  equiva len t  to  
[.I = [GRIT [%] [GR] (7.4) 
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where 
The d e r i v a t i v e  o f  t h e  r e d u c e d  s t i f f n e s s  m a t r i x  w i t h  r e s p e c t  t o  any 
design variable pi, evaluated a t  a given  combination  of  values  of pi, is 
then def ined by:  
where AKi is  cons is ten t   wi th   equat ion   (7 .3) .  
The app l i ca t ion  o f  equa t ion  (7 .6 )  is  as fol lows.  The incremental  s t iff-  
ness   matr ices  [.ICi] are inva r i an t   du r ing   t he   op t imiza t ion   p rocess .  A s  a 
new set  of  des ign  var iab les  , Pi, i s  def ined  dur ing  a s t e p  i n  t h e  o p t i m i z a -  
t ion   p rocess ,  [%] i s  computed according  to   equat ion  (7 .3)   and kr] accord- 
i n g   t o   e q u a t i o n  ( 7 . 2 ) .  The reduced   s t i f fnes s   ma t r ix  [..3 can  then be used 
i n  a v i b r a t i o n   a n a l y s i s .  The assoc ia ted   coord ina te   reduct ion   mat r ix  [GR] 
is  formed and used i n  t h e  t r i p l e  p r o d u c t  o f  e q u a t i o n  (7 .6)  t o  compute t h e  
d e r i v a t i v e s   o f  kr] w i t h   r e s p e c t   t o  a l l  des ign   var iab les .  
When t h e  number o f  s t ruc tu ra l  coord ina te s  is not  too  high, t h e  coord ina tes  
t o  b e  e l i m i n a t e d  c a n  b e  r e s t r i c t e d  t o  t h o s e  t h a t  are of no i n t e r e s t  t o  a e r o -  
e l a s t i c  a n a l y s e s  a n d ,  i n  f a c t ,  c a n  be considered unloaded. However, when t h e  
s t r u c t u r a l  model i s  des igned  fo r  stress ana lys i s  it may b e  d e s i r a b l e  t o  
e l imina te  coord ina te s  tha t  are o f  i n t e r e s t  t o  a e r o e l a s t i c  a n a l y s e s ,  s u c h  as 
d e f l e c t i o n s  p e r p e n d i c u l a r  t o  l i f t i n g  s u r f a c e s .  T h i s  u s u a l l y  means t h a t  
coordinates must be e l imina ted  tha t  have  a s soc ia t ed  ine r t i a .  If t h a t  is t h e  
case,  equat ions (7.4) and (7 .6)  must be a p p l i e d  t o  the mass mat r ix  as w e l l  
(Reference 31). 
I n  u s i n g  a c o a r s e  g r i d  f i n i t e  e l e m e n t  model f o r  a e r o e l a s t i c  a n a l y s i s ,  t h e  
aim is t o  r educe  the  number o f  c o o r d i n a t e s  t o  be e l i m i n a t e d  t o  a minimum. I n  
a f i n i t e  d i f f e r e n c e  a p p r o a c h ,  as descr ibed  in  Reference  32, t he  on ly  s t ruc -  
tural degrees of freedom are d e f l e c t i o n s  p e r p e n d i c u l a r  t o  t h e  l i f t i n g  s u r f a c e .  
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Which  approach will be favored  in  future  optimization  work  is  hard  to 
foresee.  There  seem  to be three  areas of investigation  that  could  lead to
significant devebpment. 
It seems  most  advisable,  because of the  directness  of  the  approach,  to 
speed  up  the  computation  of br( pi)] ' for arbitrary  sets of pi in the  basic 
finite  element  analysis  system.  Possibly  approximate  methods  can be developed, 
which  are  valid  for  a  few  resizing  steps,.  after  which  an  exact  updating  takes 
place.  It  seems  self-evident  that  the  last  updating  an  optimization  should 
be  exact. 
A second  area  of  investigation  could be based on an  approach  used  with 
some  success  at  the  Lockheed-California  Company.  In  it  the  reduced  stiff- 
ness  matrix  is  approximated by a  polynomial  function  of  the  design  variables: 
where  the  summation  is  over i = 1- n  and j = 1- n. 
Such  a  polynomial  can be an  acceptable  approximation  over  limited  ranges 
of  the  values  of  the  design  variables.  Since  the  stiffness  is  represented  as 
an explicit  function of the  design  variables,  it  can  readily be evaluated  for 
any  arbitrary  combination  of  values  of p . The  derivative  of  the  stiffness 
matrix  is: i 
One  element of [Kr ( pi 4 is  approximated  by 
To determine  the  values  of  the  coefficients Ai and B ij' Kr(Pi) 
must  be  computed  for  n+n2  values  of p . Thus, to  define  the  polynomial 
expression  in  equation ( 7 . 7 )  it  is  necessary  to  compute [K~ ( pi )I for 
l+n+n2 linearly independent columns , with the help of equations (7.3) 
and (7.2). 
i 
On an arrow wing, where design variables were tors ional  and bending 
s t i f f n e s s  o v e r  c e r t a i n  areas o f  t h e  o u t e r  wing, it w a s  found there  w a s  l i t t l e  
coupling between the design variables. When t h a t  is  the  case  equa t ion  (7.7) 
can   be   wr i t t en  as: 
Only  1+2n  evaluat ions  of-  K r ( P i )  a r e   n e c e s s a r y . t o  compute [ I  
and a l l  t h e   c o e f f i c i e n t   m a t r i c e s  Fi] and Fi] i n   e q u a t i o n  (7  .lo). 
A t h i r d  area o f  i n v e s t i g a t i o n  is t h e  u s e  o f  t h e  a e r o e l a s t i c  model. I n  
t h a t  c a s e  it seems mandatory t h a t  a d i r e c t  two-way r e l a t i o n s h i p  be developed 
between t h e  s i z i n g  i n  t h e  stress model and t h e  s i z i n g  i n  t h e  a e r o e l a s t i c  
model. 
7.2 Mul t ip le   F lu t te r   Speed   Cons t ra in ts  
Although t h e  p rob lem o f  mul t ip l e  f lu t t e r  speed  cons t r a in t s  i s  addressed 
i n  t h e  l i t e r a t u r e  ( e . g . ,  R e f e r e n c e  3 3 ) , e x a m p l e s  i n  t h e  l i t e ra ture ,  u s e d  t o  
i l l u s t r a t e  methods of o p t i m i z a t i o n  f o r  f l u t t e r ,  are a l l  r e s t r i c t e d  t o  one 
f l u t t e r  s p e e d .  O f t e n  it i s  i n d e e d  p o s s i b l e  t o  e l i m i n a t e  a l l  f l u t t e r  con- 
s t r a i n t  v i o l a t i o n s  b y  e l i m i n a t i n g  t h e  most c r i t i c a l  f l u t t e r  s p e e d .  I n  gen- 
eral ,  however, t h e  p o s s i b i l i t y  of more than  one a c t i v e  f l u t t e r  s p e e d  c o n s t r a i n t  
must be a n t i c i p a t e d .  
Formal ly , the  pena l ty  func t ion  method (Sec t ion  6.4) and  the  method of  
f e a s i b l e  d i r e c t i o n s  ( S e c t i o n  6.5)  have  bu i l t - i n  capab i l i t y  to  hand le  mul t ip l e  
f l u t t e r  s p e e d  c o n s t r a i n t s .  The o t h e r  methods  d iscussed  in  Sec t ion  6 r e q u i r e  
added l o g i c  t o  h a n d l e  m u l t i p l e  f l u t t e r  s p e e d  c o n s t r a i n t s .  
Reference 34 makes use  o f  the  mul t i - cons t r a in t  capab i l i t y  of t he  pena l ty  
func t ion  method by r e q u i r i n g  tha t  t h e  f l u t t e r  r o o t s  f o r  s e l e c t e d  v a l u e s  o f  
the  reduced  f requency,  k ,  correspond  to   combinat ions  of   speed  and damping 
tha t  provide  adequate  damping w i t h i n  t h e  f l i g h t  e n v e l o p e  (see a l s o  S e c t i o n  7 . 3 ) .  
The o p t i m a l i t y  c r i t e r i o n  f o r  o n e  f l u t t e r  s p e e d  c o n s t r a i n t  is: 
where i and j refer t o  free design variables, i .e . ,  d e s i g n   v a r i a b l e s   t h a t  
axe not  at a s i z ing  cons t r a in t  (Refe rences  29 and 1). 
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For two f l u t t e r  s p e e d  c o n s t r a i n t s  t h e  o p t i m a l i t y  c r i t e r i o n  is 
(Reference 1): 
1 1 1 
av, avl av, 
av, av,  av,
-" 
a m  am, a m  = 0 ('7.12) 1 3 
"- am, am, a m  3 
Equation (7.12) must be s a t i s f i e d  f o r  any combination of three free 
design variables. It i s  s a t i s f i e d  i f :  
E x t e n s i o n  o f  t h i s  c r i t e r i o n  t o  more than  two f l u t t e r  s p e e d  c o n s t r a i n t s  
is  s t r a igh t fo rward .  
av, av2 
It was found  tha t  t he  va lue  -+ - de te rmines  the  r e s i z ing  column ami ami 
t h a t  i s  g e n e r a t e d  b y  t h e  f e a s i b l e  d i r e c t i o n  method of Reference 17 (Sec- 
t i o n  6.5)  wi th  a push-off  factor 8 = 1. It i s  be l i eved  tha t  t h i s  va lue  can  
a l s o  b e  u s e d  i n  d e f i n i n g  a r e s i z i n g  column i f  the  op t imiza t ion  is based on 
t h e  methods  discussed  in   Sect ions  6 .2 ,   6 .3   and 6.6. This i s  fu r the r  d i scussed  
in  Reference  1. 
To demonst ra te  mul t ip le  f lu t te r  speed  cons t ra in t  capabi l i ty ,  the  numer ica l  
examples must re la te  t o  a r ea l i s t i c  des ign  env i ronmen t  in  wh ich  two or more 
i n - f l i g h t  modes l e a d  t o  f l u t t e r  s p e e d s  below t h e  minimum r e q u i r e d  f l u t t e r  
speed. These in-fl ight modes may b e  u n r e l a t e d  f l u t t e r  modes f o r  a p a r t i c u l a r  
we igh t  conf igu ra t ion  o f  t he  a i rp l ane  and  one  pa r t i cu la r  Mach number, or they  
may b e  r e l a t e d  o r  u n r e l a t e d  f l u t t e r  modes for more than one weight configura- 
t i o n  and Mach number. 
7 . 3  Damping Cons t ra in ts  
I n  t h e  d i s c u s s i o n s  i n  S e c t i o n  6 ,  t h e  emphasis is  on f l u t t e r  s p e e d  con- 
s t r a i n t s .  This i s  i n  r e c o g n i t i o n  o f  t h e  f l u t t e r  s p e e d  m a r g i n s  as defined by 
the   Federa l   Ai rwor th iness   Regula t ions   and   mi l i ta ry   spec i f ica t ions .  The 
requirements  of  the Federal  Airworthiness  Regulat ions are i l l u s t r a t e d  i n  
Figure 7-1. The a i r p l a n e  s h a l l  b e  d e s i g n e d  t o  be f l u t t e r  f r e e  - w i t h i n  t h e  
alt i tude-speed envelope defined by M 1 .2  I$,, 1.2  VD and  h = -3100 m 
(-10,200 f t ) .  I n  a d d i t i o n  t o  t h i s  f l u t t e r  s p e e d  r e q u i r e m e n t  t h e r e  is  an  
implied requirement for adequate modal  damping within this  envelope.  This  
is i l l u s t r a t e d  i n  F i g u r e  7-2: f o r  a l l  f l i g h t  c o n d i t i o n s  w i t h i n  t h e  f l i g h t  
envelope there must be a c e r t a i n  amount o f  pos i t i ve  damping. I n  k-method 
terminology  this  means g 5 gmax, and i n  p-k-method terminology y 5 y I 
Both gmax and Ymax a r e   n e g a t i v e   q u a n t i t i e s .  From t h e   d e f i n i t i o n s   o f  g 
and Y it f o l l o w s  t h a t  f o r  small values g E 2V. 
30 ' 
max' 
To s a t i s f y  t h e  g e n e r a l  damping c o n s t r a i n t ,  t h e  i n e q u a l i t y  c o n s t r a i n t  
Y' Ymax ) must be invoked at several   speeds  below 1.2 VD, 
fo r  all i n - f l i g h t  modes o f  i n t e r e s t ,  for s e v e r a l  Mach numbers and f o r  t h e  
a i rp lane  weight  conf igura t ions  to  be cons idered .  In  a r e a l i s t i c  d e s i g n  
environment t h i s  may lead t o  hundreds of  i n e q u a l i t y  c o n s t r a i n t s .  It is 
o b v i o u s  t h e r e  a r e  p r a c t i c a l  d i f f i c u l t i e s  a s s o c i a t e d  w i t h  that  many c o n s t r a i n t s .  
( o r  gmax 
Experience shows tha t  u sua l ly  on ly  ve ry  f e w  damping c o n s t r a i n t s  are 
a c t i v e  and, t hey  a re  a s soc ia t ed  wi th  hump modes.  Sometimes  damping c o n s t r a i n t  
v io l a t ions  by  hump modes disappear  as t h e  s t r u c t u r e  i s  r e s i z e d  t o  e l i m i n a t e  
t h e  most c r i t i c a l  f l u t t e r  s p e e d  v i o l a t i o n ( s )  . I n  a n t i c i p a t i o n  o f  t h e  n e e d  
for  invoking a minimum  hump  mode damping cons t r a in t ,  Sec t ion  3 .4  p re sen t s  a 
p rocedure  to  d i r ec t ly  de t e rmine  the  minimum damping of a hump mode. 
The o p t i m a l i t y  c r i t e r i o n  f o r  a n  a c t i v e  damping c o n s t r a i n t  is:  
where i and j r e f e r   t o   f r e e   d e s i g n   v a r i a b l e s .  It co r re sponds   t o   t he  
o p t i r n a l i t y  c r i t e r i o n  f o r  a f l u t t e r  s p e e d  c o n s t r a i n t ,  t h e  d e r i v a t i o n  o f  which 
(given in  Reference 1) c a n  b e  g e n e r a l i z e d  t o  a r b i t r a r y  c o n s t r a i n t s .  
For a combined f l u t t e r  s p e e d  a n d  damping c o n s t r a i n t ,  t h e  o p t i m a l i t y  
c r i t e r i o n  is :  




Figure 7-1: Example of Flight Envelope 
Figure 7-2: Min.lmrtm D a r q e i n g  Requirement 
Equation (7.15) must be sa t i s f ied  f o r  any combination of three f ree  
des ign   va r i ab le s .  It is s a t i s f i e d  i f  
Here C i s  an  arbitrary cons tan t  tha t  can  be  used  to  c rea te  compat ib le  
u n i t s  o r  t o  a s s i g n  a d i f f e r e n t  w e i g h t i n g  t o  the  two c o n s t r a i n t s .  
I n  several methods of opt imiza t ion  t h i s  c r i t e r i o n  c a n  p r o v i d e  a guide 
towards generat ing a r e s i z i n g  column. 
. Further  development  of a prac t ica l   method.of   inc luding  damping  con- 
s t r a i n t s  i n  f l u t t e r  o p t i m i z a t i o n  s h o u l d  be based on numerical examples i n  a 
r ea l i s t i c   des ign   env i ronmen t .  . 
7.4 Mass Ballast 
The l i terature pays l i t t l e  o r  no e x p l i c i t  a t t e n t i o n  t o  bal las t  (dead 
weight)  as a des ign  va r i ab le .  The r eason  fo r  t h i s  omission i s  understandable:  
any method of  op t imiza t ion  that  can  handle  des ign  var iab les  represent ing  
related s t i f f n e s s  a n d  mass changes can handle a des ign  va r i ab le  r ep resen t ing  
a mass change only. 
Adding mass bal las t  may b e  a more e f f i c i e n t  way o f  r a i s i n g  t h e  f l u t t e r  
speed t o  i t s  r e q u i r e d  v a l u e  t h a n  s t r u c t u r a l  s t i f f e n i n g .  That appeared  to  be  
the  case  on  one  of  the  Uni ted  S ta tes  supersonic  t ranspor t  des igns  and  in  the  
example t r e a t e d  i n  R e f e r e n c e  29. I n  t h e  l a t t e r  c a s e ,  however, it is  no t  c l ea r  
whether  the modif ied s t rength requirements  due t o  t h e  a d d i t i o n  o f  bal las t  a r e  
accounted  for .   Reference 29 demonstrates a poten t ia l   compl ica t ion   assoc ia ted  
wi th  mass b a l l a s t  as a des ign  var iab le :  as bal las t  i s  added i n  a p a r t i c u l a r  
r e g i o n ,  t h e  f l u t t e r  s p e e d  d e r i v a t i v e  w i t h  r e s p e c t  t o  t h e  mass bal las t  changes 
f rom negat ive  to  pos i t ive .  A s  s t a t ed  in  Refe rence  29, i f  t h i s  phenomenon 
occurs ,  an automated resizing procedure may f a i l  t o  r e c o g n i z e  t h e  b e n e f i c i a l  
e f fec t  o f  a l a r g e r  amount o f  b a l l a s t  s i n c e  an i n f i n i t e s i m a l  amount o f  b a l l a s t  
proved t o  lower  the  f lu t t e r  speed .  Un t i l  t h i s  a spe ' c t  o f  f l u t t e r  op t imiza t ion  
has  received more at tent ion,  considerable  engineer ing judgment  should be used 
i n  h a n d l i n g  mass ballast as des ign  var iab les .  
I n  view of the preceding paragraph,  it may be  conven ien t  t o  first consider  
1 s t i f f n e s s  d e s i g n ' v a r i a b l e s  a n d  t h e i r  a s s o c i a t e d  m a s s e s  o n l y  f o r  r a i s i n g  t h e  
most c r i t i c a l  f l u t t e r  s p e e d  t o  t h e  d e s i r e d  v a l u e  and the subsequent optimiza- 
t i o n  at c o n s t a n t  f l u t t e r  s p e e d .  S t a r t i n g  w i t h  the o r i g i n a l  d e f i c i e n t  con- 
f i g u r a t i o n ,  it is then determined whether any mass change without  s t i f fness  
change is more e f f i c i e n t  t h a n . t h e  most e f f i c i e n t  s t i f f n e s s  change i n  r a i s i n g  
t h e  f lu t te r  speed  to  the  des i r ed  va lue .  Inc remen ted  F lu t t e r  Ana lys i s  can  be  
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u s e d  t o  d i r e c t l y  d e t e r m i n e  t h e  amount of ballast needed t o  meet t h e  f l u t t e r  
c o n s t r a i n t ,  r e g a r d l e s s  o f  a n y  c h a n g e s  i n  s i g n  o f  t h e  f l u t t e r  s p e e d  d e r i v a t i v e s  
as a f u n c t i o n  o f  t h e  amount  of mass ballast .  If mass b a l l a s t  i s  more e f fec-  
t i v e  t h a n  optimum s t i P f e n i n g , t h e  mass b a l l a s t  d e s i g n  v a r i a b l e s  o f  i n t e r e s t  
can be added as d e s i g n  v a r i a b l e s  f o r  a f i n a l  o p t i m i z a t i o n  p r o c e s s .  
7.5 I n t e r f a c e  With Strength  Optimizat ion 
Combined o p t i m i z a t i o n  f o r  f l u t t e r  a n d  stress has been demonstrated with 
s imple  s t ruc tura l  models  and/or  under  s impl ie ing  assumpt ions  (References  9 ,  
16 and 2 9 )  . 
In  References 9 and 16  the penal ty  func t ion  method i s  used  and ,  in  order  
t o  r e d u c e  t h e  number o f  s t r e s s  c o n s t r a i n t  d e r i v a t i v e s  t o  b e  e v a l u a t e d ,  t h e  
s t r e s s  c o n s t r a i n t  i s  r educed  to  one cons t r a in t  pe r  l oad ing  cond i t ion .  The 
e f f e c t  of  t h i s  can  be  eas i ly  seen  in  the  fo l lowing  fo rmula t ion  o f  t he  pena l ty  
function approach. 
The modi f ied  objec t ive  func t ion  may be represented by: 
where : 
V ( m i )  = f l u t t e r   s p e e d  
VR = minimum d e s i r e d   f l u t t e r  speed 
a . ( m i )  = s t r e s s   i n  j t h  element j = 1 ... n.  
J 
cr. = maximum a l lowab le   s t r e s s   i n   j t h   e l emen t  
m = des ign   va r i ab le ;  mass a s soc ia t ed   w i th   i t h   des ign   e l emen t ;  
- 
J 
i i = 1 . . .  n. 
- 
m = minimum al lowable  value  of  m i i 
rV, rcr, rm = penal ty   weight ing   fac tors  
terms as t h e r e   a r e   f l u t t e r   s p e e d   c o n s t r a i n t s ,   a n d  as many 2 - 
j=l crj = cr. (mi 1 
J 
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terms as there  a re  des ign  load  condi t ions .  For t h i s  d i s c u s s i o n  it i s  suffi-  
c i e n t   t o  assume one f l u t t e r  s p e e d  c o n s t r a i n t  a n d  one design load condition. 
A s  a pa r t  o f  t he  de t e rmina t ion  of t h e  r e s i z i n g  column, the p a r t i a l  
de r iva t ives  a@(mi)  /ami are used. 
For each  design  var iable ,   one  der ivat ive - and  n derivatives 




ami Q. - (T. (mi) 
J J 
de r iva t ives  and n s t r e s s   d e r i v a t i v e s  must be  valuated.   In   References 9 2 
and 16 t h e  number of stress de r iva t ives  is  r educed ' to  n by  eva lua t ing  the  
de r iva t ives  by means of f i n i t e  d i f f e rences  bu t  pe r fo rming  the  d i f f e ren t i a -  
t i o n  a f t e r  t h e  summation; i .e. ,  t he  fo l lowing  iden t i ty  
which r equ i r e s  the  eva lua t ion  of n de r iva t ives  pe r  s ing le  des ign  va r i ab le ,  
is r e p l a c e d  b y  t h e  f i n i t e  d i f f e r e n c e  r e p r e s e n t a t i o n :  
requi r ing  the  eva lua t ion  of  on ly  one  der iva t ive  per  s ing le  des ign  var iab le .  
This  subst i tut ion does not  affect  the one-dimensional  minimizat ion that  is 
p a r t  o f  t h e  method used i n  Reference 14 ,  b u t  it does a f f e c t  t h e  d i r e c t i o n  
o f  t h e  r e s i z i n g  v e c t o r .  I n s t e a d  of  each elemental  s t ress  contr ibut ing 
i n d i v i d u a l l y   t o  - , one  cont r ibu t ion  represent ing  an  average  s t ress  
penalty term i s  used. No s t u d i e s  i n v e s t i g a t i n g  t h e  e f f e c t  o f  t h i s  s u b s t i t u t i o n  




In  Reference 28, the o p t i m a l i t y   c r i t e r i o n  am = cons tan t  for a l l  i is  
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u s e d  i n  t h e  f lut ter  op t imiza t ion  and  the  fu l ly - s t r e s sed -des ign  c r i t e r ion  fo r  
s t r eng th  op t imiza t ion .  The  two opt imiza t ions  are p e r f o r m e d  a l t e r n a t e l y  u n t i l  
a converged design i s  obtained. 
The f u l l y - s t r e s s e d - d e s i g n  c r i t e r i o n  d o e s  n o t ,  i n  g e n e r a l ,  l e a d  t o  a 
minimum we igh t  s t ruc tu re ,  a t  l e a s t  n o t  f o r  a redundant  s t ructure  (Refer-  
ence 35). Fur thermore ,  wi thout  fur ther  inves t iga t ion  there  is l i t t l e  ground 
f o r  e x p e c t i n g  t h a t  a l t e r n a t i n g  f l u t t e r  and  s t rength  opt imiza t ion  w i l l  l e a d  
t o  a converged design i f  b o t h  f l u t t e r  c o n s t r a i n t s  a n d  stress c o n s t r a i n t s  
a r e  ac t ive .  Th i s  leads t o  t h e  c o n c l u s i o n  t h a t  i d e a l l y  f l u t t e r  and s t r e n g t h  
opt imiza t ion  should  take  p lace  s imul taneous ly  as i s  done in  References  9 
and 16. 
It would seem t h a t   t h e  adequacy of the methods of References 9 ,  16 
and 29 has not been demonstrated when a p p l i e d  t o  a pract ical  design problem. 
Conceptually the methods of References 9 and 16 al low as many stress con- 
s t r a i n t s  p e r  l o a d  c o n d i t i o n  as t h e r e  are independent stress c o n s t r a i n t s  
(which may be l a r g e r  t h a n  t h e  number of  e lements ) .  Thus t h e  number of inde- 
pendent  s t ress  cons t ra in ts  can  be  very  la rge .  This  has l e d  t o  t h e  d e f i n i t i o n  
of one stress cons t r a in t  pe r  l oad  cond i t ion ,  wh ich ,  however, removes t h e  
poss ib i l i ty  of  independent  stress c o n s t r a i n t s  c o n t r i b u t i n g  i n d i v i d u a l l y  t o  
t h e  move vec tor  d i rec t ion .  Poss ib ly  o ther  composi te  stress cons t ra in ts  can  
be de f ined  such  tha t  t he  number o f  d e r i v a t i v e s  t o  b e  e v a l u a t e d  i s  reduced 
wh i l e  r e t a in ing  the  con t r ibu t ion  o f  each  cons t r a in t  t o  the move vec to r  
d i r e c t i o n .  
A d d i t i o n a l  i n v e s t i g a t i o n s  i n  t h e  areas of  s t ructural  model ing and combined 
o p t i m i z a t i o n  f o r  f l u t t e r  a n d  s t r e n g t h  are needed before  conclusions regarding 
t h e  best approach can be formulated.  Such conclusions should be based on the 
results o f  a n a l y s e s  i n  a r ea l i s t i c  des ign  env i ronmen t .  
8. COMPUTATIONAL  ASPECTS OF THE  FLUTTER  TASK 
The purpose of  t h i s  s e c t i o n  is  t o  d e l i n e a t e  t h e  c o m p u t a t i o n a l  a s p e c t s  o f  
t h e  c o m p l e t e  f l u t t e r  t a s k ,  wh ich  inc ludes  f lu t t e r  ana lys i s  as w e l l  as s t r u c -  
tural s y n t h e s i s ,  i . e .  t h e  d e s i g n  o f  a s t r u c t u r e  t h a t  satisfies t h e  f l u t t e r  
requi rements .  Al though the  subjec t  of  th i s  repor t  is f l u t t e r  o p t i m i z a t i o n ,  
i . e .  s t r u c t u r a l  s y n t h e s i s  aimed at  a minimum w e i g h t  s t r u c t u r e  t h a t  s a t i s f i e s  
t h e  f l u t t e r  r e q u i r e m e n t s ,  it is u s e f u l  t o  i n c l u d e  f l u t t e r  a n a l y s i s ,  or f l u t -  
t e r  s u r v e y ,  i n  t h i s  d i s c u s s i o n ,  s i n c e  t h e r e  is a l a r g e  common data base and 
many  common a n a l y t i c a l  t o o l s .  
S t r u c t u r a l  d e s i g n  aimed a t  s a t i s v i n g  f l u t t e r  r e q u i r e m e n t s  m u s t ,  t o  r e s u l t  
i n  a viable a i rp l ane ,  a l so  t ake  in to  accoun t  s t r eng th  r equ i r emen t s  and  r equ i r e -  
ments re la ted to  manufactur ing cost .  Examinat ion of  a m e r i t  f u n c t i o n  t h a t  
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combines s t ruc tura l  weight  and  manufac tur ing  cos t  fa l ls  ou t s ide  the  scope  of 
t h i s  s t u d y .  The in t e r f ace  be tween  s t ruc tu ra l  syn thes i s  w i th  s t r eng th  con- 
s t r a i n t s  a n d  s y n t h e s i s  w i t h  f l u t t e r  c o n s t r a i n t s  is  d i s c u s s e d  i n  S e c t i o n  7.5. 
There it i s  c o n c l u d e d  t h a t  a d d i t i o n a l  i n v e s t i g a t i o n s  i n  t h e  a r e a s  o f  s t r u c -  
tural model ing  and  s t ruc tura l  op t imiza t ion  wi th  combined f l u t t e r  and  s t rength  
c o n s t r a i n t s  are needed before  the best a p p r o a c h  t o  t o t a l  s t r u c t u r a l  s y n t h e s i s  
can be formulated.  The organization  of  computer  programs  and  modules  dis- 
c u s s e d  i n  this s e c t i o n  as a p o s s i b l e  b a s i s  f o r  d e f i n i t i o n  o f  s p e c i f i c a t i o n s  
f o r  computer  sof tware envis ions combining f lut ter  opt imizat ion with satis- 
f a c t i o n  o f  stress c o n s t r a i n t s .  
8.1 The Complete F l u t t e r  Task 
The c o m p l e t e  f l u t t e r  task can be considered as be ing  composed of  three 
sub ta sks ,  subsequen t ly  to  be discussed:  
1. F lu t t e r   su rvey   o f   t he   o r ig ina l   des ign .  
2. I n i t i a l   s t r u c t u r a l   r e s i z i n g   t o   s a t i s f y  a l l  f l u t t e r   r e q u i r e m e n t s .  
3. Flut ter   opt imizat ion:   weight   minimizat ion whi le  e x p l i c i t l y   s a t i s f y i n g  
f lu t t e r  r equ i r emen t s  and  no t  v io l a t ing  s t r eng th  r equ i r emen t s .  
8.1.1 F lu t t e r  Su rvey  - The o r i g i n a l  d e s i g n  i s  def ined by the  e x t e r n a l  
geometry, by a s t r u c t u r a l  mass d i s t r i b u t i o n  d e r i v e d  b y  s a t i s f y i n g  s t r e n g t h  
requirements ,  by an addi t ional  mass d i s t r i b u t i o n  r e p r e s e n t i n g  f i x e d ,  non- 
s t r u c t u r a l  airframe masses  (e .g .  powerplants ,  control  system, furnishings)  
and mass d i s t r i b u t i o n s  r e p r e s e n t i n g  u s e f u l  l o a d s  ( e . g .  f u e l ,  p a y l o a d ) .  
The f l u t t e r  s u r v e y  is  a series o f  f l u t t e r  a n a l y s e s  s u f f i c i e n t  t o  i d e n t i f y  
any f l u t t e r  d e f i c i e n c y  t h a t  may e x i s t  i n  t h e  o r i g i n a l  d e s i g n  over a range of 
operat ing  condi t ions.   Al though details  of the a c t u a l  e x e c u t i o n  o f  t h e  f l u t t e r  
survey may b e  d i f f e r e n t  f o r  d i f f e r e n t  e n g i n e e r i n g  f a c i l i t i e s ,  i t  is  be l ieved  
tha t  t he  f low d iag ram in  F igu re  8-1 is gene ra l ly  app l i cab le .  The genera l  
procedure i s  not new; it i s  d i s c u s s e d  h e r e  i n  o r d e r  t o  r e l a t e  it t o  t h e  o v e r a l l  
des ign  p rocess .  In  F igu re  8-1 oval  boxes  def ine  engineer  ac t ion  poin ts ,  
a l though not  necessar i ly  manual  operat ions;  rectangular  boxes represent  com- 
puting modules. The computing  process  can  proceed  from  one  module t o  t h e  n e x t  
without  engineer  act ion,  a l though an engineer 's  review may be i n s e r t e d  a t  
any point .  
S t a r t i n g  w i t h  t h e  d e s i g n  d e f i n i t i o n  box i n  F i g u r e  8-1, the  engineer pro- 
ceeds  to  p repa re ,  no t  necessa r i ly  manua l ly ,  s t ruc tu ra l  model data, i n e r t i a  
data  and  aerodynamics data. The s t r u c t u r e s  module  forms t h e  s t i f f n e s s  and 
i n e r t i a  m a t r i c e s  t h a t  are u s e d  i n  t h e  v i b r a t i o n  a n a l y s i s .  It performs, i f  
necessary ,  the  s ta t ic  coord ina te  reduct ion  to  keep  t h e  number of  degrees  of  
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Figure 8-1: Flutter Survey Task 
freedom f o r  t h e  v i b r a t i o n  a n a l y s i s  w i t h i n  a p r a c t i c a l  limit. The s t r u c t u r e s  
module may a l s o  f o r m  t h e  i n e r t i a  m a t r i x  a s s o c i a t e d  w i t h  t h e  masses o f  t he  
s t ruc tu ra l  e l emen t s .  If t h i s  is  t h e  c a s e ,  t h e  i n e r t i a  d a t a  p r e p a r e d  b y  t h e  
engineer refer t o  n o n s t r u c t u r a l  a n d  u s e f u l  l o a d  masses o n l y .  I n e r t i a  m a t r i c e s  
f o r  a number of  usefu l  load  conf igura t ions ,  chosen  on the  bas i s  of  exper ience ,  
and t h e  o u t p u t  o f  t h e  s t r u c t u r e s  module are i n p u t  i n t o  t h e  v i b r a t i o n  a n a l y s i s  
module and v i b r a t i o n  a n a l y s e s ,  l e a d i n g  t o  n a t u r a l  f r e q u e n c i e s  a n d  v i b r a t i o n  
modes , are performed. 
The na tu ra l  f r equenc ie s  and  v ib ra t ion  modes can be reviewed by the 
engineer for checking purposes and, af ter  t h e  f l u t t e r  a n a l y s i s ,  f o r  o b t a i n -  
ing  a be t t e r  unde r s t and ing  o f  t he  f lu t t e r  behav io r  o f  t he  a i rp l ane .  In  the  
case of a f i n a l  des ign ,  t he  r e su l t s  o f  t he  v ib ra t ion  ana lys i s  can  be com- 
p a r e d  w i t h  t h e  r e s u l t s  from ground vibration tests.  From a n  a n a l y t i c a l  p o i n t  
of view, however, t h e  v i b r a t i o n  a n a l y s i s  is  only necessary i f  t h e  o r i g i n a l  
number of degrees-of-freedom exceeds a p r a c t i c a l  l i m i t  f o r  t h e  f l u t t e r  
a n a l y s i s .  I n  t h a t  c a s e ,  t h e  v i b r a t i o n  modes a s soc ia t ed  wi th  the  lower  v ib ra -  
t i on  f r equenc ie s  are,  in  gene ra l ,  u sed  as gene ra l i zed  coord ina te s  fo r  t he  
f l u t t e r  a n a l y s i s .  The output  of  the  v ibra t ion  ana lys i s  can  be  formula ted  to  
inc lude  gene ra l i zed  s t i f fnes s  and i n e r t i a  m a t r i c e s .  I n  t h a t  c a s e ,  t h e  func- 
t ion  of  the  genera l ized-mat r ices  module is  t o  form only the general ized aero-  
dynamics ma t r i ces .  However, t o  b e  more g e n e r a l l y  u s e f u l ,  t h i s  module should 
a l so  inc lude  the  capab i l i t y  o f  gene ra t ing  gene ra l i zed  mass and s t i f f n e s s  
matr ices  by pre- and postmultiplication by modal mat r ices .  This  capabi l i ty  
may be used i f  t h e  g e n e r a l i z e d  c o o r d i n a t e s  are not updated after each  res iz ing  
s tep .  In  v iew of  the  opt ions  ava i lab le  for  forming  the  genera l ized  aero-  
dynamics mat r ices  (Sec t ion  5 .3) ,  the  genera l ized-mat r ices  module may do  more 
than a pre-  and postmult ipl icat ion by t h e  modal mat r ices  obta ined  f rom the  
v ibra t ion   ana lys i s .   Consequent ly ,   the   ou tput  of the  aerodynamics  module 
may b e  a s e t  o f  [HAW] matrices   (Equat ion ( 5 . 1 6 ) )  f o r   d i s c r e t e   v a l u e s   o f   t h e  
reduced  frequency k ,  or may be  a s e t  of b a s i c  aerodynamic  influence  coeffi- 
c i en t   ma t r i ces  [ A I C (  k)] and  matrices [ H I  , [DX] and [DZ] (Equations (5 .8)  
and ( 5 . 3 2 ) ) ,  or any combination between these extremes as d i s c u s s e d  i n  
Sec t ion  5 . 4 . 4 .  The aerodynamics data p repa ra t ion  cons i s t s  o f  de f in ing  ae ro -  
dynamics g r id  sys t ems  fo r  t he  downwash co l loca t ion  po in t s  and t h e  aerodynamics 
loads  po in t s ,  and t h e  s e l e c t i o n  o f  Mach numbers f o r  which t h e  f l u t t e r  a n a l y s i s  
w i l l  be  per formed.  S t ruc tura l  g r id  da ta  are input  into the aerodynamics 
module t o  form the   g r id   t r ans fo rma t ion   ma t r i ces  [HI, [DX] and [DZ]. 
S t a t i c  r e d u c t i o n  o f  t h e  s t i f f n e s s  m a t r i x  i s  a genera l ly  accepted  method 
of  reducing the number of  degrees  of  f reedom in  the  v ibra t ion  ana lys i s .  
Reference 36 p resen t s  an a l t e r n a t i v e  t h a t  i s  w o r t h . c o n a i d e r a t i o n .  I n  t h e  
approach of Reference 36, no r e d u c t i o n  o f  t h e  s t i f f n e s s  m a t r i x  t a k e s  p l a c e ;  
i n  f a c t ,  t h e  c o m p l e t e  s t i f f n e s s  m a t r i x  i s  not   assembled.   Instead,   the   output  
o f  t h e  s t r u c t u r e s  module i s  a co l l ec t ion  o f  submat r i ces  tha t  are used  d i r ec t ly  
i n  t h e  v i b r a t i o n  a n a l y s i s  module t o  compute g e n e r a l i z e d  s t i f f n e s s  a n d  i n e r t i a  
da ta ,  and  v ibra t ion  modes. 
From the   genera l ized-mat r ices  module t h e   f l u t t e r   s u r v e y   p r o c e d u r e  I 
e n t e r s  t h e  f l u t t e r  a n a l y s i s  module. The f l u t t e r  a n a l y s i s  module should 
contain an interpolat ion rout ine for  computing the general ized aerodynamics 
matrix f o r  a r b i t r a r y  k va lues .  The f lu t te r  equat ion  i s  solved  by  any 
s u i t a b l e  method and t h e  o u t p u t  is a series of  f-g-V diagrams (Figure 3-1) 
f o r  d i f f e r e n t  Mach numbers, d i f f e r e n t  d i s t r i b u t i o n s  o f  u s e f u l  l o a d  a n d ' f o r  
symmetric,  anti-symmetric and possibly asymmetric modes. 
Figure 8-1 i n d i c a t e s  t h r e e  p o t e n t i a l  r e a n a l y s i s  l o o p s .  Any real is t ic  
p rocedure  mus t  accoun t  fo r  t he  poss ib i l i t y  t ha t  t he  in i t i a l  cho ice  o f  i npu t  
parameters does  no t  p rov ide  su f f i c i en t  de f in i t i on  o f  t he  f lu t t e r  cha rac t e r . -  
i s t i c s  o f  t h e  o r i g i n a l  d e s i g n .  It is p o s s i b l e  t h a t  t h e  i n i t i a l  c h o i c e  o f  
k-values or s p e e d s  f o r  w h i c h  t h e  f l u t t e r  a n a l y s i s  is performed is i n s u f f i -  
c i e n t  t o  d e t e r m i n e  f l u t t e r  s p e e d s  or minimum damping i n  hump modes.  Thus, 
review o f  t h e  f l u t t e r  a n a l y s i s  r e s u l t s  may r e q u i r e  r e t u r n  t o  t h e  f l u t t e r  
ana lys i s  module f o r  improved d e f i n i t i o n  o f  t h e  f-g-V diagrams. Review,of 
t h e  r e s u l t s  may a l s o  i n d i c a t e  the need f o r  i n c l u d i n g  more Mach numbers, 
i n e r t i a  c o n f i g u r a t i o n s  a s s o c i a t e d  w i t h  d i f f e r e n t  u s e f u l  l o a d  d i s t r i b u t i o n s ,  
or s t i f f n e s s  m a t r i c e s  i n  t h e  f l u t t e r  s u r v e y .  The p o s s i b i l i t y  o f  i n c l u d i n g  
more than  one  s t i f fnes s  ma t r ix  fo l lows  from t h e  f a c t  t h a t  f a i l e d  c o n d i t i o n s  
must be considered.  
After s u f f i c i e n t  f l u t t e r  d a t a  have been generated, it is determined 
whether  any f l u t t e r  d e f i c i e n c i e s  e x i s t .  If t h e r e  are no d e f i c i e n c i e s ,  t h e  
f l u t t e r  t a s k  i s  completed, unless design changes occur which m a k e  it neces- 
s a r y  t o  r e p e a t  t h e  f l u t t e r  s u r v e y .  S i n c e  t h e  f irst  s u r v e y  r e s u l t e d  i n  
e n g i n e e r i n g  f a m i l a r i t y  w i t h  t h e  f l u t t e r  c h a r a c t e r i s t i c s  o f  t h e  d e s i g n ,  
a d d i t i o n a l  s u r v e y s  u s u a l l y  c a n  b e  r e s t r i c t e d  t o  fewer combina t ions  o f  i ne r t i a  
conf igura t ions ,  Mach numbers and  f a i l ed  cond i t ions  than  were i n v e s t i g a t e d  
d u r i n g  t h e  f i r s t  survey. 
If t h e r e  a r e  f l u t t e r  d e f i c i e n c i e s ,  a s t r u c t u r a l  r e s i z i n g  is  i n i t i a t e d  
which i s  aimed a t  s a t i s f y i n g  a l l  f l u t t e r  r e q u i r e m e n t s .  
8.1.2 I n i t i a l  S t r u c t u r a l  R e s i z i n g  - If t h e  f l u t t e r  s u r v e y  o f  t h e  o r i g i n a l  
des ign  ind ica t e s  t he  p re sence  o f  f lu t t e r  de f i c i enc ie s ,  it i s  d e s i r e d  t o  remove 
t h e s e  d e f i c i e n c i e s  w i t h  a minimum weight  penal ty .  Reference 1 i n d i c a t e s  t h a t  
it i s  t h e o r e t i c a l l y  p o s s i b l e  t o  a t t a i n  a minimum weight  des ign  by  jud ic ious ly  
a d d i n g  s t r u c t u r a l  mass i n  small q u a n t i t i e s  t o  t h o s e  s t r u c t u r a l  e l e m e n t s  t h a t ,  
at each  s t ep ,  a r e  most e f f i c i e n t  i n  removing the  de f i c i enc ie s .  Fo r  a s t ruc -  
t u r e  w i t h  a l a r g e  number o f  d e s i g n  v a r i a b l e s  a n d  s e v e r a l  f l u t t e r  d e f i c i e n c i e s ,  
t h i s  i s ,  however,  an  impracticable  approach. It i s  more e f f i c i e n t  t o  first 
genera te ,  in  one  or very f e w  r e s i z i n g  s t e p s ,  a s t r u c t u r e  w i t h o u t  f l u t t e r  
d e f i c i e n c i e s ,  b u t  n o t  n e c e s s a r i l y  w i t h  minimum weight ,  and then minimize the 
we igh t  wh i l e  avo id ing  f lu t t e r  de f i c i enc ie s .  Most methods  of f l u t t e r  o p t i m i z a -  
t i o n  d i s c u s s e d  i n  t h i s  r e p o r t  a r e  b a s e d  on th i s  approach .  
Two t y p e s  o f  f l u t t e r  d e f i c i e n c i e s  are recognized: 1) t o o  low a f l u t t e r  
speed (Vf < VR)  and 2)  i n s u f f i c i e n t  damping a t  t h e  t o p  o f  a hump  mode 
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"hump t o p  > max allowed Y .  ) .  Although both deficiencies are undes i r ab le ,  t he  
f lu t te r  speed def ic iency occurs  more frequent ly  and i s  emphasized throughout 
this   report .   Opt imizat ion  techniques  a imed at s a t i s f y i n g  f l u t t e r  s p e e d  
requirements can be g e n e r a l i z e d  t o  i n c l u d e  damping r e q u i r e m e n t s .  I n  t h i s  
discussion,  re . ference w i l l  be made, f o r  c o n v e n i e n c e ,  t o  f l u t t e r  s p e e d  r e q u i r e -  
ments, or c o n s t r a i n t s ,  o n l y .  
Experience a t  the Lockheed-California Company, r e l a t e d  t o  a . r e a l i s t i c  
design environment , s u g g e s t s  t h a t  on the basis of engineering judgment,  one 
f lu t te r  de f i c i ency  o f t en  can  be  iden t i f i ed  as being most c r i t i c a l .  T h a t  i s  , 
f o r  a p a r t i c u l a r  Mach number and  use fu l  l oad  conf igu ra t ion  the re  ex i s t s  a 
def ic iency, ' the  removal  of  which i s  e x p e c t e d  t o  r e s u l t  i n  a l l  f l u t t e r  defi- 
c i enc ie s  be ing  removed. If t h i s  i s  not  the case ,  t hen  one or more a d d i t i o n a l  
app l i ca t ions  of the fol lowing approach w i l l  l e a d  t o  a d e s i g n  w i t h o u t  f l u t t e r  
de f i c i enc ie s .  Neither c a s e ,  i n  g e n e r a l ,  l e a d s  t o  an optimum des ign .  
Reference (1) i n d i c a t e s  that  a r e s i z i n g  column 
where i s  the most c r i t i c a l  f l u t t e r  s p e e d ,  and C def ines  a magnitude 
s u c h   t h a t  V = VR, i s  a n   e f f i c i e n t   i n i t i a l   r e s i z i n g .  The column [*} 'rnc mc 
is recognized as the  g r a d i e n t  o f  t h e  f l u t t e r  s p e e d .  O t h e r  d i s t r i b u t i o n s  
of Ami, however, may be  considered,   e .g . ,  
[Ami] = Csposit ive  elements of (I:'] - - lavmc:ami J) 
If it i s  d i f f i c u l t  t o  d e f i n e  one  most c r i t i c a l  f l u t t e r  mode, a r e s i z i n g  
column based on a weighted sum of two or more f l u t t e r  s p e e d  g r a d i e n t s  may be 
a be t te r  approach. In any case , i n i t i a l  r e s i z i n g  s h o u l d  t a k e  i n t o  a c c o u n t  
t h e  e f f i c i e n c y  w i t h  wh ich  des ign  va r i ab le s  can  inc rease  the  f lu t t e r  speed  
and,  thus , it  i s  necessary ,  at t h i s  s t a g e ,  t o  d e f i n e  d e s i g n  v a r i a b l e s  a n d  t o  
d e t e r m i n e  p a r t i a l  d e r i v a t i v e s  o f  t h e  f l u t t e r  s p e e d s  w i t h  r e s p e c t  t o  t h e  design 
variables. I n  g e n e r a l ,  t h e  i n i t i a l  r e s i z i n g  column can be def ined as: 
where t h e  s u b s c r i p t  j refers t o  t h e  f l u t t e r  s p e e d s  that  are less t h a n  t h e  
required speed.  
The i n i t i a l  r e s i z i n g  p r o c e d u r e ,  a g a i n ,  may b e  d i f f e r e n t  f o r  d i f f e r e n t  
e n g i n e e r i n g  f a c i l i t i e s  a n d  it probably depends,  in  i t s  d e t a i l s ,  on the  p re -  
ceding f l u t t e r  survey procedure as well .as on the subsequent  opt imizat ion 
procedures  to  be  used .  With t h i s  i n  mind t h e  e s s e n t i a l  features of t h e  pro- 
cedure are shown in  the  f low d iag ram of Figure 8-2. Note t h a t  i n  F i g u r e  8-2 
oval boxes s t i l l  ind ica te  engineer  ac t ion  poin ts ,  bu t  the  rec tangular  boxes  
no longer  def ine computat ional  modules  but  computing act ivi ty  in  general ,  
and no at tempt  i s  made t o  d e f i n e  s p e c i f i c  modules. 
The endpoint  of  Figure 8-1 i s  t h e  s t a r t i n g  p o i n t  f o r  F i g u r e  8-2: review 
of t h e  f l u t t e r  s u r v e y  r e s u l t s .  If t h e r e  are f l u t t e r  d e f i c i e n c i e s ,  d e s i g n  
v a r i a b l e s  may be defined and most c r i t i c a l  f l u t t e r  c o n d i t i o n s  s e l e c t e d .  To 
g e n e r a t e  t h e  f l u t t e r  s p e e d  d e r i v a t i v e s  A, t h e  c h a r a c t e r i s t i c  r o o t s  and 
vec to r s  co r re spond ing  to  the  f l u t t e r  p o i n t s  must be determined (e .g . ,  by the 
two-dimensional Regula Fa ls i  fo l lowed by a subrout ine for  determining char-  
a c t e r i s t i c  v e c t o r s ) .  I n  a d d i t i o n ,  d e r i v a t i v e s  o f  t h e  mass, s t i f f n e s s  and 
aerodynamics  matrices are requi red .  If t h e r e  i s  a s t a t i c  r e d u c t i o n  o f  t h e  
s t i f f n e s s  m a t r i x , t h e  s t a t i c  r e d u c t i o n  m a t r i x  must b e  e x p l i c i t l y  g e n e r a t e d  
i n  o r d e r  t o  compute the  de r iva t ives  o f  t he  r educed  s t i f fnes s  ma t r ix .  The 
f l u t t e r   s p e e d   d e r i v a t i v e s  - j can  be computed fo l lowing   the   formula t ion   of  
Reference 14, a compact version of which i s  inc luded  in  Reference  1. The 







t i o n   o f   t h e   r e s i z i n g  column, l(z)] , or it may be  formed  automatica1,ly 
by the program. Incremented Flut ter  Analysis  (References 1 and 4) , is a con- 
venient  method of  determining  each C t h a t  r e s u l t s   i n  [ f ( - ) ]  conta ins   on ly   pos i t ive   e lements  , t h e   l a r g e s t   v a l u e   o f  C deter- 




i n  a l l  V j  2 VRj. If t h e r e  i s  uncertainty  about  t h i s  r e s u l t ,  t h e  s t r u c t u r e  
f - l  
i s  incremented  by {Ami} and a new v i b r a t i o n  a n d  f l u t t e r  a n a l y s i s  i s  per- 
formed for  se lec ted  combina t ions  of  Mach number and useful  load.  If necessary,  
more c r i t i c a l   f l u t t e r   s p e e d s  V a re   se lec ted   and   the   p rocess  i s  repeated.  
j 
The procedures  descr ibed,  and i l l u s t r a t e d  i n  F i g u r e  8-2, are aimed a t  a 
one - s t ep  r e s i z ing  to  r each  the  goa l  of s a t i s f y i n g  a l l  f l u t t e r  r e q u i r e m e n t s .  
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Figure 8-2: Initial Structural  Resizing Task 
8.1.3 Flu t te r  Opt imiza t ion  - O f  t h e  t h r e e  s u b t a s k s  d i s c u s s e d  i n  t h i s  s e c t i o n ,  
t h e  f l u t t e r  o p t i m i z a t i o n  t a s k  i s  most dependent on the computational methods 
adopted  by  an  engineer ing  fac i l i ty .  However, t h i s  method  dependency is  
ma in ly  concen t r a t ed  in  the  ac tua l  r e s i z ing  p rocedure  w i t h  a cons tan t  s e t  of 
general ized coordinates  ( . invariant  vibrat ion modes) .  The s t r u c t u r a l  a n a l y s i s  
a n d  v i b r a t i o n  a n a l y s i s ,  t o  be repea ted  several times dur ing  the  op t imiza t ion  
t a s k ,  c a n  b e  d e f i n e d  i n  g e n e r a l  terms, r e l a t ive ly  independen t  o f  t he  r e s i z ing  
procedure used. 
The methods of  opt imizat ion discussed in  Sect ion 6 dea l  wi th  only  a 
small a s p e c t  o f  t h e  o p t i m i z a t i o n  t a s k ,  namely, t h e  r e s i z i n g  when given a con- 
s t a n t  se t  of  genera l ized  coord ina tes  l ( i . e . ,  invar ian t  v ibra t ion  modes) .  It is 
most l i k e l y  t h a t  modal updat ing i s  necessary (Sect ion 4 ) .  If a s t a t i c  r e d u c -  
t i o n  o f  t h e  s t i f f n e s s  m a t r i x  i s  used  to  r educe  the  number of degrees of 
freedom i n  t h e  v i b r a t i o n  a n a l y s i s  ( S e c t i o n  7 .1 ) ,  t h e  r e d u c e d  s t i f f n e s s  m a t r i x  
may b e  a nonl inear  func t ion  of the  des ign  var iab les .  This  results i n  addi- 
t i ona l  computa t ions  to  de t e rmine  de r iva t ives  of the s t i f fnes s  ma t r ix  and  
p o s s i b l y  t h e  i n e r t i a  m a t r i x .  
I n  t h i s  s e c t i o n  t h e  o v e r a l l  f l u t t e r  o p t i m i z a t i o n  t a s k ,  e x c e p t  f o r  t h e  
r e s i z i n g  f o r  a cons tan t  set  of  genera l ized  coord ina tes  , i s  de l inea ted  under  










There w i l l  b e  modal updat ing.  
S t a t i c  r e d u c t i o n  of t h e  s t i f f n e s s  m a t r i x  i s  r equ i r ed .  
For e a c h  r e s i z i n g  s t e p  t h e  d e r i v a t i v e  o f  t h e  r e d u c e d  s t i f f n e s s  m a t r i x  i s  
determined exact ly  (Equat ion ( 7 . 6 ) ) .  
No s t a t i c  r e d u c t i o n  o f  t h e  mass mat r ix  i s  requi red .  
There i s  o n e  a c t i v e  f l u t t e r  s p e e d  c o n s t r a i n t .  
S t rength  requi rements  a re  sat isf ied.  
Keeping i n  mind these assumptions, a flow diagram i s  formulated (Fig- 
8-3) t ha t  de l inea te s  those  computa t iona l  s t eps  tha t  are considered 
independent of the method chosen f o r  d e t e r m i n i n g  t h e  r e s i z i n g  s t e p s ,  g i v e n  
the  f lu t t e r  speed  de r iva t ives .  Seve ra l  o f  t he  computa t ions  ind ica t ed  in  
Figure 8-3 are i d e n t i c a l  t o  t h o s e  i n  F i g u r e  8-2. 
The i n p u t s  i n t o  t h e  f l u t t e r  o p t i m i z a t i o n  t a s k  a r e :  t h e  s t a r t i n g  s t i f f -  
ness and mass m a t r i c e s  t h a t  are o u t p u t  f r o m  t h e  i n i t i a l  r e s i z i n g  t a s k ;  t h e  
inc remen ta l  s t i f fnes s  and  mass mat r ices ;  the  bas ic  aerodynamics  input ;  and  
t h e  aerodynamics der ivat ives  input .  
The s t a r t i n g  (f irst  c u r r e n t )  s t i f f n e s s  and mass mat r ices  are u s e d  t o  
def ine  genera l ized  coord ina tes  via a v ib ra t ion  ana lys i s .  These  gene ra l i zed  
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Figure 8-3: The Flutter Optimization Task 
and the  bas ic  aerodynamics  input  are u s e d  t o  o b t a i n  a p o i n t  s o l u t i o n  of t h e  
f l u t t e r  e q u a t i o n  a n d  t h e  a s s o c i a t e d  c h a r a c t e r i s t i c  v e c t o r s .  The charac te r -  
i s t i c  v e c t o r s  are combined i n  t u r n  w i t h  t h e  i n c r e m e n t a l  s t i f f n e s s  m a t r i x  
p re -  and  pos tmul t ip l i ed  by  the  s t a t i c  r educ t ion  ma t r ix  [GR], w i t h  t h e  
incremental  mass matr ix ,  and with the aerodynamics der ivat ives  input ,  to  form 
the  de r iva t ive  sca l a r s  (See  Refe rence  1). The f l u t t e r  s p e e d  d e r i v a t i v e s  are 
formed  and i n p u t  i n t o  t h e  r e s i z i n g  module .  Other  inputs  in to  the  res iz ing  
module depend on t h e  method of opt imizat ion used,  but  include minimum s i z e  
c o n s t r a i n t s  e q u a l  t o  t h e  o r i g i n a l  d e s i g n ,  i . e . ,  b e f o r e  t h e  i n i t i a l  r e s i z i n g ,  
and program control parameters t o  b e  c h o s e n  by t h e  a n a l y s t .  
The r e s i z i n g  module genera tes  a column of  design var iable  increments  
de f in ing  one s t e p   i n  a r e s i z ing  p rocess  tha t  u sua l ly  compr i se s -  several s t e p s .  
The t o t a l  mass a s soc ia t ed  wi th  the  new va lues  of  the  des ign  var iab les  i s  
compared w i t h  t h e  p r e v i o u s  t o t a l  mass. If t h e  t o t a l  mass has not converged 
t o  a minimum, the  des ign  var iab le  increments  are used t o  g e n e r a t e  new cu r ren t  
s t i f f n e s s  and mass matr ices  and the process  i s  repeated.  
S a t i s f y i n g  t h e  s t r e s s  c o n s t r a i n t s  c a n  b e  a c c o m p l i s h e d  i n  v a r i o u s  w a y s .  
One approach, which does not involve the resizing module,  is shown i n  
Figure 8-3. I n  i t ,  when a minimum t o t a l  mass i s  reached,  the loads and 
stress ana lys i s  i s  redone. Due t o  s t i f f e n i n g  of the  o r i g i n a l  d e s i g n ,  t h e r e  
may be stress v i o l a t i o n s  due t o  r e d i s t r i b u t i o n  o f  i n t e r n a l  l o a d s  or changes 
i n  t h e  e x t e r n a l  l o a d s .  Where such  v io la t ions  occur ,  the  e lement  s izes  are 
i n c r e a s e d  t o  satisfy t h e  stress c o n s t r a i n t s  and new c u r r e n t  s t i f f n e s s  and 
mass mat r ices  are formed  and t h e  f l u t t e r  o p t i m i z a t i o n  i s  repea ted  us ing  
updated minimum s i z e s .  After a new convergence on a minimum t o t a l  mass, t h e  
stresses are checked again and, if necessa ry ,  t he  en t i r e  p rocess  is  repeated.  
The increased element  s i z e  w i l l ,  i n  g e n e r a l ,  c a u s e  a change i n  f l u t t e r  s p e e d .  
This i s  expected t o   b e  small, s i n c e  t h e  s t r e s s  v i o l a t i o n s  are most l i k e l y  t o  
b e  i n  e l e m e n t s  t h a t  h a v e  n o t  i n c r e a s e d  i n  s i z e  during the  f l u t t e r  o p t i m i z a -  
t i o n  a n d ,  t h u s ,  are i n e f f e c t i v e  i n  c h a n g i n g  t h e  f l u t t e r  s p e e d .  
In  another  approach  there  i s  a s t rong  in te rac t ion  be tween a stress 
ana lys i s  module and t h e  r e s i z i n g  module such  tha t  each  r e s i z ing  s t ep  i s  con- 
s t r a i n e d  s u c h  t h a t  s t r e s s  c o n s t r a i n t s  a r e  n o t  v i o l a t e d .  Two p o s s i b i l i t i e s  
can  be  d is t inguished:  the  loads  are assumed cons tan t  or t he  loads  a re  r eca l -  
cu la t ed  at each s tep.  In  the former case the loads and stress ana lys i s  shown 
i n  F i g u r e  8-3 must f o l l o w  t h e  f l u t t e r  o p t i m i z a t i o n  as d e s c r i b e d  i n  t h e  p r e v i o u s  
paragraph. 
It i s  no ted  tha t  t he  ae rodynamics  inpu t ,  i n  F igu re  8-3, i s  not  def ined  
i n  terms o f  s p e c i f i c  m a t r i c e s .  The d i s c u s s i o n s  i n  S e c t i o n  5 and  Reference 1 
i n d i c a t e  t h a t  t h e r e  are many op t ions  fo r  fo rmula t ing  the  ma t r i ces  o f  gene ra l -  
ized aerodynamic force coeff ic ients ,  and it  i s  considered outs ide the scope 
o f  t h i s  d i s c u s s i o n  t o  p r e s e n t  a d e f i n i t e  c h o i c e .  It i s  worthwhile noting, 
however, t h a t  i f  c u b i c  s p l i n e  i n t e r p o l a t i o n  i s  used for the aerodynamics,  
the basic aerodynamics input and the aerodynamics derivatives input are 
i d e n t i c a l  m a t r i c e s .  
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Since no recommendations f o r  a s p e c i f i c  method of op t imiza t ion  are made 
as a r e s u l t  o f  t h i s  s t u d y ,  a f u r t h e r  d e f i n i t i o n  o f  t h e  r e s i z i n g  module, i n  
Figure 8-3, i s  c o n s i d e r e d  t o  f a l l  ou t s ide  the  scope  o f  t h i s  r epor t .  
8.2 Aspects  of  the Computing  System 
Genera l  aspec ts  of  the  comput ing  sys tem requi red  to  per form the  f lu t te r  
t a s k  are d i scussed  wi thou t  a t t empt ing  to  de f ine  de t a i l ed  spec i f i ca t ions  fo r  
such a system. 
When p rope r ly .  d iv ided  in to  well def ined  bui ld ing  b locks  the  comple te  , , 
f l u t t e r  t a s k ,  i n c l u d i n g  t h e  o p t i m i z a t i o n ,  i s  r e l a t i v e l y  s t r a i g h t f o r w a r d ,  
inv i t ing  ex tens ive  au tomat ion .  The f l u t t e r  o p t i m i z a t i o n  t a s k  seems e s p e c i a l l y  
w e l l  su i ted  for  comple te  au tomat ion .  It is  questionable,   however,   whether 
the  ac tua l  des ign  exper ience  ava i lab le  i s  s u f f i c i e n t  t o  d e c i d e  on a l l  a spec t s  
o f  t he  op t imiza t ion  t a sk  and  to  embark on the  des ign  of  a computing system 
tha t  can  hand le  e f f i c i en t ly  a s t r u c t u r a l  d e s i g n  t h a t  i s  def ined  by s e v e r a l  
thousands  of  f in i te  e lements .  In  view  of th i s  the  Lockheed-Cal i forn ia  Company 
has f i r s t  developed a semi-automatic system, based on i t s  Computer Graphics 
system. It  has been used on the  conf igu ra t ion  upon which the numerical  
examples of Appendix A are based,  on  an arrow wing supersonic transport  study 
(Reference 1) and on an ac.tual  hardware  problem. The au thors  be l ieve ,  how- 
e v e r ,  t h a t  a batch process system with maximum automation options i s  a 
des i rab le  des ign  asset, even i f  i n  i t s  i n i t i a l  v e r s i o n  it i s  somewhat 
r e s t r i c t e d  i n  t h e  number of  s t ruc tura l  degrees  of  f reedom,  des ign  var iab les  
and f l u t t e r  c o n s t r a i n t s  it can  hand le .  In  th i s  s ec t ion  some aspec ts  of  a 
batch process computing system are discussed.  
A n  e n g i n e e r i n g  f a c i l i t y  t h a t  a l r e a d y  h a s  a comput ing  sys tem for  f lu t te r  
a n a l y s i s  ( f l u t t e r  s u r v e y  t a s k )  may want t o  r e s t r i c t  i t s  batch process system 
t o  t h e  i n i t i a l  r e s i z i n g  t a s k  and t h e  f l u t t e r  o p t i m i z a t i o n  t a s k .  T h i s  , how- 
eve r ,  seems o n l y  j u s t i f i e d  i f  t h e  d a t a  i n p u t  and output of t h e  e x i s t i n g  f l u t -  
t e r  a n a l y s i s  s y s t e m  c a n  e a s i l y  b e  made compatible  with the input  requirements  
f o r  t h e  o t h e r  t a s k s .  S i n c e  t h e  r e p e t i t i v e  a n a l y s e s  a s s o c i a t e d  w i t h  f l u t t e r  
opt imizat ion put  extra  emphasis  on computa t iona l  e f f ic iency ,  a f a c i l i t y  may 
dec ide  to  upda te  i t s  f l u t t e r  a n a l y s i s  s y s t e m  as p a r t  of t he  in t roduc t ion  o f  
a f l u t t e r  o p t i m i z a t i o n  c a p a b i l i t y .  I n  t h e  f o l l o w i n g  it i s  assumed t h a t  a 
ba tch  p rocess  sys t em fo r  t he  comple t e  f lu t t e r  t a sk  i s  t o  be designed. 
When comparing the flow diagrams i n  t h e  F i g u r e s  8-1 through 8-3 it i s  
c l e a r  t h a t  t h e  t h r e e  t a s k s  r e p r e s e n t e d  i n  t h e s e  t h r e e  f i g u r e s  h a v e  a l a r g e  
number of  computat ional  funct ions i n  common. Thus, t h e  f i r s t  poin t  of  con- 
s i d e r a t i o n  i s  whether three independent programs should be developed within 
an existing computing system or whether one program, or a new system should 
be  deve loped  fo r  t he  comple t e  f lu t t e r  t a sk .  The choice  depends  on  what 
computing system i s  a v a i l a b l e  at a f a c i l i t y  a n d ,  t o  a c e r t a i n  e x t e n t ,  p e r s o n a l  
p re fe rences  o f  t he  eng inee r s .  From a p rac t i ca l  eng inee r ing  po in t  o f  v i e w  it 
seems se l f -ev ident  tha t ,  whatever  course  i s  chosen,  data  format  compatibi l i ty  
i s  mandatory and t h a t  a d a t a  management system i s  requi red .  
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I n  s e l e c t i n g  a computing system for  the  comple te  f l u t t e r  t a s k ,  con- 
s ide ra t ion  shou ld  be given t o  a sys t em tha t  has  access  to  an  ex i s t ing  matrix 
algebra  computing  system. If t h i s  a c c e s s  is no t  ava i l ab le ,  t he  comple t e  f l u t -  ' 
t e r  task  sys tem should  inc lude  some genera l ized  matrix a l g e b r a  c a p a b i l i t y  t o  
e n a b l e  t h e  u s e r  t o  d e p a r t  f r o m  a r i g i d  f o r m a t .  
In  des igning  a computer system f o r  t h e  c o m p l e t e  f l u t t e r  t a s k ,  two 
approaches  can  be  distinguished:  Self-contained  Programs  and Variable Job 
Stepping. 
I n  t h e  f i r s t  approach, which i s  t h e  more common o f  t he  two ,  t he re  may 
be  a self-contained program for  each of  the subtasks compris ing the complete  
f l u t t e r  t a s k ,  or some or a l l  subtasks  may b e  combined i n t o  one self-contained 
program.  Each  program  has i t s  own execut ive  module  which c o n t r o l s  c a l l i n g  
in to  core  the  var ious  comput ing  modules (sub-programs) as they  are needed 
dur ing  the  en t i re  computer  opera t ion  for  tha t  p rogram.  Organiz ing  the  com- 
p l e t e   f l u t t e r  task i n  one program with one executive module would r e s u l t   i n  
a very large program with some complex input /output  interface problems as w e l l  
as core overlay problems. If e x i s t i n g  b a t c h  programs are t o  b e  i n t e g r a t e d  
into such an overall  computing program, extensive modification might be needed 
i n  o r d e r  t o  r e s o l v e  some of  these problems.  If t h e  c o m p l e t e  f l u t t e r  t a s k  i s  
covered by more than one program, automatic transfer from one program t o  
another  might  prove impract icable ,  thus l imit ing the overal l  automation 
a t ta inable .  S ince  engineer  rev iews  are requi red  dur ing  the  computa t iona l  
e f f o r t ,  however, t h i s  may n o t  b e  an  impor tan t  l imi ta t ion .  Cons idera t ion  must 
be g i v e n  t o  t h e  d e g r e e  o f  commonality between modules i n  t h e  s e p a r a t e  pro- 
grams tha t  pe r fo rm the  same funct ion.  Fai l ing to  achieve complete  commonal i ty ,  
e.g. ,  due to  d i f f e ren t  ove r l ay  r equ i r emen t s ,  i nc reases  the  e f fo r t  needed  to  
update a func t iona l  module. 
Var iab le  Job  Stepping  cons is t s  of  a number of separate computer programs 
each represent ing a computing module, such as those  de f ined  in  F igu re  8-1, 
which a re  con t ro l l ed  by  ano the r  program ca l led  the  Execut ive .  Var iab le  Job  
Stepping ,  therefore ,  i s  a sequence of separate computer job steps in which 
each  job  s tep  i s  a func t ion  o f  t he  p reced ing  job  s t ep ( s )  as determined by 
the  Execut ive Module.  The Executive Module ( a  separate   program)  monitors  
the  task  comple t ion  codes  of  the  preceding  s teps  and ,  based  on  the  ins t ruc t ion  
code supplied by the engineer, determines which computing module i s  next  
r e q u i r e d .  P r i o r  t o  t r a n s f e r r i n g  t h e  c o n t r o l  t o  t h e  computing  module, t h e  
Executive Module p repa res  the  inpu t  da t a  for t h a t  computing module i n  accor- 
dance with i t s  data format requirements.  The Variable  Job Stepping system 
i s  inhe ren t ly  modular i n  approach. To add another module, only the Executive 
Module (program) needs t o  b e  m o d i f i e d  and reloaded as a new executable pro- 
gram i n  a d d i t i o n  t o  t h e  new computing  module. Existing batch process programs 
can  be  inc luded  in  a Variable Job Stepping system with l i t t l e  m o d i f i c a t i o n  t o  
the batch programs.  If a new method f o r  computing, say, aerodynamic matrices , 
becomes ava i lab le ,  aga in  only  the  Execut ive  Module needs t o  b e  m o d i f i e d .  It 
i s  a l so  wor th  no t ing  tha t  each  program w i t h i n  t h e  Variable Job Stepping system 
could be executed as an independent program outside the Executive Module 
Control .   Figure 8-4 i l lustrates t h e  p r i n c i p l e .  The Executive i s  loaded  and 
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EXEC i s  loaded. 
The user supplied coC.ing i s  interpreted. 
The module t o  be loculed into core i s  , 
established (e.g., k d u l e  C). 
Input data for Module: C i s   w r i t t e n  on 
Disc i n  the fbrrat required by 
Module C. 
The data required by E E C  when reloaded 
i s  writ ten on Disc. 
""""-b""""" 
Module C i s  loaded over the same space 
occupied by EXEC. 
The required data i s  read from Disc by 
Module C. 
Data output fromModule C i s  writ ten 
on Disc. 
fibdule C completion code and s ta tus  
for  use by EXEC i s  writ ten on Disc. 
1""""""""". 
EXEC i s  loaded. EXEC: data i s  read 








o KO system  overhead except 
data  preparation by EXEC. 
o The EXEC and all computing 
modules have access t o  
the fill core allocated 
t o  the computer run. 
Figure 6-4: Computing System  Using Variable Job Stepping 
c a l l s  i n  t h e  n e x t  module needed, say C y  which is  loaded  over  the  same space 
as w a s  occupied by the Execut ive Module. When module C has completed i t s  
t a s k  i t  c a l l s  b a c k  t h e  E x e c u t i v e  Module, a t  t h e  same time g iv ing  it ins t ruc -  
t i o n s  t h a t  depend on t h e  o u t p u t  of  module C .  The Executive Module c a l l s  i n  
the next  computat ional  module,  again while  annihi la t ing i t se l f  from core. 
Which o f  t h e  two approaches discussed i s  preferred depends on many 
fac tors  and ,  wi thout  a more in-depth look at t h e  d e t a i l s  o f  t h e  computing 
system, cannot be determined at t h i s  time. 
A s  s t a t ed  above ,  t he  comple t e  f lu t t e r  task i s  r e l a t i v e l y  s t r a i g h t f o r -  
ward, when properly def ined,  and w i l l ,  i n  p r i n c i p l e  a t  least  , not  g ive  rise' 
t o  g r e a t  programming d i f f i c u l t i e s .  The g rea t  cha l l enge  in  des ign ing  the  
system l i e s  i n  maximizing i t s  c a p a c i t y ,  i n  terms of  number o f  s t r u c t u r a l  
coord ina te s ,  des ign  va r i ab le s  and  f lu t t e r  cons t r a in t s ,  wh i l e  keep ing  computing 
cos t  reasonable .  This  does  require a ve ry  e f f i c i en t  u se  o f  a l l  computer 
resources  : maximum u t i l i z a t i o n  o f  a v a i l a b l e  c o r e  , e f f i c i e n t  i n p u t / o u t p u t  
rou t ines  , s y s t e m a t i c  l a b e l l i n g  and ex te rna l  s to rage  o f  data blocks , e f f i c i e n t  
compacting of data blocks ( e  .g .  sparse  mat r ices)  , e tc .  Obvious ly ,  c lose  
c o o p e r a t i o n  b e t w e e n  e x p e r t s  i n  f l u t t e r  a n a l y s i s  , optimization procedures and 
computer programming i s  r e q u i r e d  i n  o r d e r  t o  o b t a i n  an e f f i c i e n t  computing 
system. 
9 .  CONCLUSIONS AND RFlCOMMENDATIONS 
Based on the  i n v e s t i g a t i o n s  and evaluat ions performed during this  s tudy 
and augmented by the  add i t iona l  suppor t ing  ac t iv i t i e s  conduc ted  concur ren t ly  
a t  the Lockheed-Cal i fornia  Company, it i s  concluded tha t  a n  e f f i c i e n t ,  
p r a c t i c a b l e  f l u t t e r  o p t i m i z a t i o n  module can be formulated and implemented 
with a reasonable  amount of further development.  Some of t h e  p a r t i c u l a r  con- 
c lus ions  suppor t ing  th i s  gene ra l  conc lus ion  a re  p re sen ted  in  the  fo l lowing :  
Aerodynamics parameters may b e  e f f i c i e n t l y  r e p r e s e n t e d  by t h e  f i v e -  
matr ix  product  shown i n  e q u a t i o n  ( 5 . 1 2 ) .  The most e f f i c i e n t  method of imple- 
men ta t ion  o f  t h i s  equa t ion  depends upon a complex r e l a t i o n s h i p  i n v o l v i n g  t h e  
numbers of  aerodynamic integrat ion points ,  downwash p o i n t s  , genera l ized  modal 
coord ina te s ,  d i sc re t e  s t ruc tu ra l  coord ina te s  and reduced frequencies used, 
as w e l l  as the  in t e rpo la t ion  p rocedures  employed. To be completely general ,  
s e v e r a l  o p t i o n s  s h o u l d  b e  a v a i l a b l e  i n  o r d e r  t o  p rov ide  a l t e rna te  p rocedures  
f o r  t h e  g e n e r a t i o n  o f  t h e s e  p a r a m e t e r s .  I n  r e l a t i o n  t o  t h e  c o m p l e t e  f l u t t e r  
opt imizat ion task,  however ,  it i s  concluded t h a t  s e v e r e l y  l i m i t i n g  t h e  number 
of such options would not significantly increase the required computing 
resources .  
R e p e t i t i v e  f l u t t e r  s o l u t i o n s  of t h e  t y p e  r e q u i r e d  i n  s t r u c t u r a l  r e s i z i n g  
procedures may b e  e f f i c i e n t l y  o b t a i n e d  u s i n g  t h e  2-D Regula F a l s i  method. 
Al though o ther  f lu t te r  so lu t ion  procedures  might  be  deve loped  to  the  same 
degree of  eff ic iency and rel iabi l i ty  demonstrated by the Regula  Fals i  in  
o b t a i n i n g  r e p e t i t i v e  f l u t t e r  s o l u t i o n s ,  it i s  concluded  tha t  th i s  procedure  
has a wider  range of  appl icat ion than other  procedures  considered.  The 2-D 
Regula F a l s i  method can b e  u s e d  i n  t h e  s o l u t i o n  o f  a general  form of the 
f l u t t e r  e q u a t i o n  i n  o r d e r  t o  o b t a i n  t h e  v a l u e s  o f  any two dependent variables 
r e q u i r e d  t o  s a t i s f y  t h e  e q u a t i o n .  It can be u s e d  i n  a d i r e c t  form of Incre- 
mented F lu t t e r  Ana lys i s  t o  so lve  fo r  t he  magn i tude  o f  t he  inc remen t  o f  a 
spec i f i ed  des ign  va r i ab le ,  a long  wi th  an  add i t iona l  va r i ab le ,  necessaxy  to  
satisfy a f l u t t e r  c o n s t r a i n t .  O t h e r  a p p l i c a t i o n s  , such as the  de te rmina t ion  
o f  t h e  minimum damping of  a hump mode, are a l s o  p o s s i b l e .  
Res i z ing  p rocedures  va ry  wide ly  in  pa r t i cu la r  de t a i l ,  w i th  each  p roce -  
dure  cons idered  exhib i t ing  one or more advantageous features. In  te rms  of  
a realist ie;  d e s i g n .  e f f o r t ,  however, it i s  conc luded  tha t  t he  gene ra l  d i f f e r -  
ences  be tween the  a rb i t ra ry  s tep-s ize  procedures  and  the  def ined  s tep-s ize  
procedures are more s ign i f i can t  t han  the  d i f f e rences  be tween  the  ind iv idua l  
procedures in  each  ca t egory .  Based on the  numer ica l  eva lua t ions  of  the  
i d e a l i z e d  t e s t  case  of  Appendix A ,  it would appear  that  the arbitrary s tep-  
s i z e  procedures produce the same mass reduct ion  as t h e  d e f i n e d  s t e p  s i z e  
procedures wi th  less t o t a l  computing c o s t .  I t  is  n o t  c l e a r  t h a t  t h i s  same 
r e s u l t  would b e  o b t a i n e d  f o r  a more complex d e s i g n  e f f o r t .  It i s  concluded, 
however, t ha t  e i the r  t ype  o f  p rocedure  can  be i n c l u d e d  i n  a f l u t t e r  o p t i m i z a -  
t i o n  module w i t h  no undue d i f f i c u l t y .  
P r a c t i c a l  c o n s i d e r a t i o n s  i n  t h e  implementation of a f l u t t e r  o p t i m i z a t i o n  
procedure can have a t  least  as profound an e f f e c t  on the performance of the 
f l u t t e r  module as does t h e  s e l e c t i o n  of t h e  three major elements considered 
thus  far. These cons idera t ions  inc lude  the choice  of  s t ruc tura l  model ,  num- 
b e r  o f  s t r u c t u r a l  d e g r e e s  of  freedom r e t a i n e d ,  method of genera t ion  of  
i nc remen ta l  s t i f fnes s  ma t r i ces ,  number of modal coordinates used, frequency 
of  updat ing vibrat ion modes and frequency of u p d a t i n g  f l u t t e r  d e r i v a t i v e s .  
No de f in i t e  conc lus ions  a re  ava i l ab le  r ega rd ing  these  cons ide ra t ions ,  s ince  
it w a s  no t  poss ib l e  to  conduc t  t h e  requi red  inves t iga t ions  wi th in  the  scope  
of  t h e  p re sen t  s tudy .  
The conclusions reached in  the course of t h e  present  s tudy ,  and  presented  
above, lead t o  t h e  following recommendations f o r  development of a f l u t t e r  
op t imiza t ion  module: 
1. Computer coding  for  the  aerodynamics  submodule  should  be  based  on  the _ .  
f ive-matr ix  product  of  equat ion (5 .12) .  The  number o f  o p t i o n s  i n  form- 
ing  the  f ive-mat r ix  product  should  be limited t o   t h o s e  forms that  are 
most gene ra l ly  use fu l .  
2. The f l u t t e r  s o l u t i o n  submodule f o r  t h e  r e p e t i t i v e  f l u t t e r  s o l u t i o n  p r o -  
cedure should be based on t h e  two-dimensional Regula Falsi approach. 
A global  solut ion procedure,  such as t h e  p-k method of Reference 3 or 
t h e  Desmarais-Bennett method (Reference 7) should be i n c l u d e d  f o r  t h e  
i n i t i a l  and f i n a l  f l u t t e r  s u r v e y .  
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3. A t  least two candidate  ' res iz ing procedures  should be e v a l u a t e d  i n  a 
r e a l i s t f c  d e s i g n  e f f o r t  s u c h  as the  a r row wing  f lu t t e r  op t imiza t ion  t a sk  
performed under Contract NAS-1-12288. One res iz ing  procedure  should  be 
o f  t h e  arbitrary s t ep - s i ze  type  and  the  o the r  a d e f i n e d  s t e p s i z e  t y p e .  
To f a c i l i t a t e  t h e  c o m p a r i s o n ,  it would b e  u s e f u l  t o  m a i n t a i n  as much ' 
commonality  between t h e  two  methods as p o s s i b l e .  As an example, the 
r e s i z ing  p rocedure  fo rmula t ed  in  Sec t ion  6.7.4 could be used as t h e  
def ined  s tep-s ize  procedure ,  and  the  grad ien t  pro jec t ion  search  of  
Rud i s i l l -Bha t i a  (Sec t ion  6 .2 ) ,  mod i f i ed  to  inco rpora t e  the  move vec to r  
of  Sect ion A . 3 . 3 ,  could be used as t h e  arbitrary step-size  procedure.  
4. Depending  on t h e  outcome o f   t hese   eva lua t ions ,   spec i f i ca t ions   shou ld  
be developed for t he  se l ec t ed  p rocedure  and  the  r equ i r ed  compute r  cod ing  
accomplished. It should  be  recognized  tha t  it may be d e s i r a b l e  t o  re ta in  
the  op t ion  of  u s i n g  e i t h e r  t y p e  o f  r e s i z i n g  p r o c e d u r e  i n  t h e  f i n a l  
module . 
5 .  I n v e s t i g a t i o n  o f  t h e  f l u t t e r  o p t i m i z a t i o n  t a s k  s h o u l d  b e  e x t e n d e d  t o  
inc lude  those  problems encountered  in  a r e a l i s t i c  d e s i g n  'environment 
which have a d i r e c t  i n f l u e n c e  on the performance of  an opt imizat ion 
procedure.  These problems are  discussed in  Sect ion 7 and mentioned 
b r i e f ly  in  the  conc lus ions  above .  To be of  most use ,  it i s  f e l t  t h a t  
such  inves t iga t ions  must be made us ing  a s t r u c t u r a l  d e s i g n  t a s k  o f  t h e  
complexity of the arrow wing study performed by Lockheed f o r  NASA 
( DTAS-1-12288) . 
6.  The e x t e n t  t o  which i t  i s  f e a s i b l e  a n d  d e s i r a b l e  t o  i n t e g r a t e  t h e  f l u t t e r  
o p t i m i z a t i o n  t a s k  w i t h  t h e  s t r e n g t h  o p t i m i z a t i o n  t a s k  s h o u l d  be i n v e s t i -  
gated with emphasis on means of  s impl i fy ing  the  formula t ion  of  the  
s t r e n g t h  c o n s t r a i n t s .  
APPENDIX A 
NUMERICAL EXAMPLES OF R E S I Z I N G  PROCEDURES 
A. 1 INTRODUCTION 
To p r o v i d e  t h e  b a s i s  f o r  a d i r e c t  comparison of the several candidate  
res iz ing  procedures  (Sec t ion  6 )  i n  performing a s i m p l i f i e d  f l u t t e r  o p t i m i z a -  
t i o n  t a s k  , an i d e a l i z e d  tes t  case was formulated and numerical  evaluations 
were conducted. Not a l l  candidate procedures were e v a l u a t e d  t o  t h e  same 
degree .  In  most cases  the  process  was d iscont inued  as soon as t h e  r e s u l t s  o f  
i n t e r e s t  were obtained.  
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The s t r u c t u r a l  model on which t h e  tes t  case  w a s  based i s  a simple E I ,  
GJ beam representa t ion  of  a subsonic  t ransport  a i rplane.  Although no at tempt  
was made t o  simulate a realist ic d e s i g n  p r o c e s s  i n  d e t a i l ,  t h e  r e s u l t i n g  
opt imizat ion might  be regarded as t y p i c a l  of the  pre l iminary  des ign  phase  of  
t h e  development of such an airplane.  The tes t  case was d e s i g n e d  t o  a v o i d  t h e  
d i f f i c u l t i e s  a s s o c i a t e d  w i t h  m o d a l i z a t i o n  ( S e c t i o n  4) and the  non l inea r  
s t i f f n e s s  e f f e c t s  ( S e c t i o n  7.1) encoun te red  in  more p r a c t i c a l  o p t i m i z a t i o n  
e f f o r t s .  
I n  implement ing  the  var ious  res iz ing  procedures ,  no special ized computer  
programs were formed.  Ins tead ,  ex is t ing  ba tch ,  g raphics  and  remote  te rmina l  
systems and programs were employed, augmented by hand computations where 
i necessary.  As a result  , no d i r e c t  comparison  of  the  computer resources 
.i; 
. r equi red  by  the  var ious  res iz ing  procedures  i s  ava i lab le ;  such  informat ion  
f relative t o   t h i s   i d e a l i z e d  tes t  case  is of l i t t l e  p r a c t i c a l   s i g n i f i c a n c e   i n  
any event .  
A. 2 STRUCTURAL MODEL 
The s t r u c t u r a l  model used for the  tes t  case  i s  an E I ,  G J  beam representa-  
t i o n  o f  a subson ic  t r anspor t  a i rp l ane .  
There are 9 grid-points  on t h e  wing semi-span, 1 2  g r id -po in t s  a long  the  
f u s e l a g e  c e n t e r  l i n e  ( F i g u r e  A-1) and other  miscel laneous gr id-points  used to  
def ine  a r i g i d  empennage and c o n t r o l  s u r f a c e ,  f o r  a t o t a l  o f  67 e l a s t i c  
degrees  of  reedom.  Symmetric  boundary  conditions are imposed. A l l  i n e r t i a  
and aerodynamics  coordinates are r e t a ined .  E igh teen  e l a s t i c  deg rees  of 
f reedom, not  associated with design var iables ,  are e l i m i n a t e d  b y  s t a t i c  s t i f f -  
ness  condensat ion,  reducing t h e  number of  degrees  of  f reedom to 49. 
The design variables are t h e  t o r s i o n a l  s t i f f n e s s e s  o f  t h e  e i g h t  s t r u c -  
tural e lemen t s  i nd ica t ed  in  F igu re  A-1. The bend ing  s t i f fnes s  of t h e  wing i s  
not  var ied .  The des ign  va r i ab le s  a re  de f ined  as increments   over   values  
de f in ing  a s i m u l a t e d  s t r e n g t h  d e s i g n  a n d  t h e  a s s o c i a t e d  i n e r t i a  a n d  s t i f f n e s s  
mat r ices  are expres sed  in  t e rms  o f  a u n i t  mass, s o  that  t h e  t o t a l  i n e r t i a  and 
s t i f f n e s s  m a t r i c e s  are as expres sed  in  equa t ions  ( A . l )  and ( A . 2 ) .  
a 
[K] = [KO] + E mi+i] 
i=l 
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Figure  A-1: S t r u c t u r a l  Model 
where ko] and Po] are t h e   m a t r i c e s   o f   t h e   f i x e d   s t i f f n e s s   a n d   i n e r t i a  
and pi]- and F M J  are t h e   s t i f f n e s s  and i n e r t i a   m a t r i c e s   a s s o c i a t e d  
wi th  a u n i t  mass o f   t he   des ign  variable m For the   p re sen t   pu rposes ,   t he  
minimum-size cr  s t r eng th  des igned  po r t ions  o f  t he  des ign  va r i ab le s  are 
i '  
i n c l u d e d   i n   t h e  K ma t r i ces ,  s o  t h a t   t h e  AKi, AMi matr ices   include 0' Mo 
only  the  des ign  variable i n c r e m e n t s  r e l a t i v e  t o  t h e  s t r e n g t h  d e s i g n .  
The s t rength  des igned  conf igura t ion  i s  a f i c t i t i o u s  c o n f i g u r a t i o n  d e f i n e d  
such  tha t  a f l u t t e r  p r o b l e m  i s  assured  wi th in  the  des ign  envelope  of  the  air- 
p lane .  The c h a r a c t e r i s t i c s  o f  t h i s  c r i t i c a l  f l u t t e r  r o o t  a r e  shown i n  Fig- 
ure A-2, i n d i c a t i n g  a f l u t t e r  speed of approximately 226.4 m / s  EAS (440 KEAS). 
Using t h i s  as a s t a r t i n g  p o i n t ,  t h e  t es t  c a s e  r e q u i r e d  t h a t  t h e  f l u t t e r  s p e e d  
be i n c r e a s e d  t o  270.1 m / s  EAS (525 KEAS) with a minimum of  we igh t  i nc rease  in  











Figure A-2: Frequency  and Damping of C r i t i c a l  F l u t t e r  Root 
I n  a d d i t i o n  t o  t h e  f l u t t e r - d e f i c i e n t  ( 2 2 6 . 4  m / s  E M )  conf igu ra t ion ,  two 
aux i l i a ry  conf igu ra t ions  are requi red .  For  the  cons tan t  f lu t te r  speed  pro-  
cedures,  a conf igu ra t ion  hav ing  the  r equ i r ed  f lu t t e r  speed  (270.1 m / s  E M )  
bu t  a non-optimum d i s t r i b u t i o n  o f  t h e  d e s i g n  v a r i a b l e s  i s  needed.  This was 
‘obta ined  by  increas ing  the  des ign  var iab les  i n  a manner e q u i v a l e n t  t o  r a i s i n g  
t h e   t o r s i o n a l   s t i f f n e s s   o f   t h e  wing by a u n i f o r m  f a c t o r  u n t i l  t h e  r e q u i r e d  
f l u t t e r  s p e e d  was  reached.  For  the penal ty  funct ion procedure (Reference 16 ) ,  
an i n i t i a l  c o n f i g u r a t i o n  h a v i n g  a f l u t t e r  s p e e d  i n  e x c e s s  o f  t h e  f i n a l  f l u t t e r  
speed i s  requi red .  This  conf igura t ion  w a s  o b t a i n e d  i n  t h e  same manner as t h e  
p r e v i o u s  o n e ,  e x c e p t  t h a t  t h e  f l u t t e r  s p e e d  w a s  i n c r e a s e d  t o  280.4 m/s EAS 
(545 KEAS). The d e s i g n  v a r i a b l e  d i s t r i b u t i o n s  a n d  t o t a l  d e s i g n  v a r i a b l e  mass 
f o r  t h e s e  c o n f i g u r a t i o n s  a r e  shown i n  T a b l e  A-1.  A man-in-the-loop r e s i z i n g  
p rocedure ,  d i f f e ren t  from any o f  t h e  methods d i s c u s s e d  i n  S e c t i o n  6 and us ing  
Incremented Flut ter  Analysis  as t h e  p r i n c i p a l  t o o l ,  i n d i c a t e d  t h a t  the  mini- 
. mum mass f o r   t h e   r e q u i r e d  f l u t t e r  speed i s  approximately 249.6 kg (550.2 lbs) . 
This value i s  used as a bench mark for  fur ther  comparisons.  
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I F l u t t e r  I Design  Variabl  Mass, kg* I 
Speed 
m/s  EAS Tot a1 a 7 6 5 4 3 2 1 
226.4 
506.6 15.3 21.8 31.3  63.6 65.5 90.4 105.2 113.5 270.1 
0 0 0 0 0 0 0 0 0 
280.4 630.9 . 19.1 27.1 . 38.9 79.2 81.6 112.5 131.0  141.3 
* I? accordance  wi th  the  def in i t ion  of  des ign  variable t h i s  i s  a mass 
inc rease  above the  s imula t ed  s t r eng th  level  design.  
Table A-1: I n i t i a l  C o n f i g u r a t i o n ;  Non-Optimum D i s t r i b u t i o n  
A. 3 METHOD OF SIMODYNES 
The method of  Simodynes i s  repor ted  in  Reference  15 and  d i scussed  in  
Sec t ion  6.3 o f  t h i s  r e p o r t .  The numer ica l  eva lua t ions  repor ted  here  are i n  
f a c t  e v a l u a t i o n s ,  or par t i a l  eva lua t ions ,  o f  t h ree  d i s t inc t  me thods .  The 
Simodynes method i t s e l f  was e v a l u a t e d  o n l y  t o  t h e  e x t e n t  o f  t h e  f irst  
r e s i z i n g  c y c l e .  A t  t h a t  p o i n t ,  two undesirable features o f  t h e  method were 
i d e n t i f i e d  and a mod i f i ca t ion  o f  t he  method was implemented. The numerical 
eva lua t ion  was then  con t inued ,  u s ing  th i s  mod i f i ed  method. I n  the  mod i f i ed  
method one o f  t h e  o b j e c t i o n a b l e  features o f  t h e  o r i g i n a l  method, t he  f r equency  
c o n s t r a i n t ,  i s  avoided, as is d i s c u s s e d  i n  S e c t i o n  6.3. F i n a l l y ,  a second 
modif icat ion was incorpora ted  by  which  the  inf luence  of  the  choice  of  the  
dependent  design var iable  on t h e  r e s i z i n g  s t e p  is eliminated, and an addi- 
t i ona l  numer i ca l  eva lua t ion  was performed using this  procedure.  
A.3.1 Orig ina l  Method of Simodynes - As discussed  i n  Sec t ion  6.3, t h e  method 
of Simodynes i s  a procedure for minimiz ing  the  to ta l  weight  of  a set of  
des ign  var iab les  whi le  main ta in ing  a f i x e d  f l u t t e r  s p e e d  a n d  f r e q u e n c y .  I n  
o r d e r  t o  s a t i s f y  t h e s e  c o n s t r a i n t s ,  two o f  t he  des ign  variable masses are 
considered to  be dependent  funct ions of  the remaining design var iable  masses. 
The r e s i z i n g  d i r e c t i o n  i s  then  de te rmined  by  the  g rad ien t  o f  t he  to t a l  we igh t  
s u b j e c t  t o  t h e  f l u t t e r  s p e e d  and frequency constraints .  
An i n i t i a l   r e s i z i n g   s t e p  was g e n e r a t e d  f o r  a n  a r b i t r a r i l y  c h o s e n  t o t a l  
mass reduct ion ,  W1, o f  45.4 kg (100 l b s )  f o r  e a c h  o f  t h r e e  p a i r s  o f  depen- 
dent  des ign  var iab les :  1 and 2, 4 and 5, and 7 and 8. The r e s u l t i n g  values 









.sign Variable Incrc 
-0 .o 






-1 .o -1.4 -45.4 
-45.4 
20.6 -15.3 -45.4 
Table A-2: I n i t i a l  Design Variable Increments ( f i rs t  r e s i z i n g  s t e p )  
fo r  Three  Pa i r s  o f  Dependent Design Variables 
The d u a l  c o n s t r a i n t  of f l u t t e r  s p e e d  and frequency leads t o  relatively 
la rge  pos i t ive  and  negat ive  increments  in  the  dependent  des ign  var iab les .  
When design variable p a i r s  1, 2 and 4, 5 are chosen as dependent design 
variables the magnitude of  the negat ive increment  i s  l a r g e r  t h a n  t h e  avail- 
able amount ( c f .  Table A-1) . The ques t ion  arises whether t o  invoke  the  
minimum s i z e  c o n s t r a i n t  a n d  a c c e p t  t h e  r e s u l t i n g  l a r g e r  d r i f t  i n  f l u t t e r  
speed, or r e c o g n i z e  t h e  v i o l a t i o n  o f  t h e  minimum s i z e  c o n s t r a i n t  as a t e m -  
p o r a r y  s i t u a t i o n  t h a t  w i l l  b e  c o r r e c t e d  i n  s u b s e q u e n t  s t e p s ,  or reduce 
It should be noted,  however ,  that  as a r e su l t  o f  t he  l a rge  inc remen t s  o f  t he  
dependent design variables, t h e  amount of  res iz ing  towards  the  goa l  of  minimum 
t o t a l  mass occur r ing  in  the  independen t  va r i ab le s  i s  small when t h e  p a i r s  1, 2 
and 4 ,  5 are the  dependent  des ign  var iab les .  How se r ious  a drawback is 
i m p l i e d  b y  t h e s e  c o n s i d e r a t i o n s  h a s  n o t  b e e n  p u r s u e d  i n  d e t a i l ,  s i n c e  i t  i s  
be l i eved  tha t  t he  f r equency  cons t r a in t  by  i t se l f  p u t s  Simodynes method at a 
d i s t i n c t  d i s a d v a n t a g e ,  c e r t a i n l y  i n  view of t h e  r a t h e r  s t r a i g h t f o r w a r d  manner 
i n  which t h i s  c o n s t r a i n t  c a n  be removed, as i s  demonst ra ted  in  t h e  modified 
Simodynes method which i s  the  sub jec t  o f  t he  nex t  s ec t ion .  
w1 
A.3.2 Modified Simodynes Method - The  method of Simodynes w a s  m o d i f i e d  t o  
e l i m i n a t e  t h e  f l u t t e r  f r e q u e n c y  c o n s t r a i n t ,  s u b s t i t u t i n g  f l u t t e r  f r e q u e n c y  
as a dependen t  va r i ab le  in  p l ace  o f  one of t h e  two dependent  design var iables  
u s e d   i n   t h e   o r i g i n a l  method (Sec t ion  6 .3) .  - .  . - .  , ., r .  
As i n  t h e  c a s e  o f  t h e  o r i g i n a l  method, an i n i t i a l  r e s i z i n g  s t e p  w a s  
g e n e r a t e d  f o r  a t o t a l  mass reduct ion  of  W1 = 45.4 kg (100 l b s )  f o r  e a c h  
of  th ree  choices  of  the  dependent  des ign  variable. The r e s u l t s ,  shown i n  
Table A-3, i n d i c a t e  more r easonab le  d i s t r ibu t ions  o f  t he  r e s i z ing  inc remen t s  
due t o  t h e  e l i m i n a t i o n  o f  t h e  f r e q u e n c y  c o n s t r a i n t ,  a l t h o u g h  t h e  s e n s i t i v i t y  
to  the  cho ice  o f  dependen t  des ign  variable r ema ins .  Spec i f i ca l ly ,  t he  result 
of choosing as a dependent design variable one for which - i s  small i n  a m  
Table A-3: I n i t i a l  Design  Variable  Increment ( f i rs t  r e s i z i n g  s t e p )  
fo r   Three  Dependent  Design  Variables;  Modified I 
Simodynes Method 
magnitude i s  demonstrated i n  T a b l e  A-3. With number 1 as the dependent  
v a r i a b l e ,  a large negat ive increment  of t h a t  v a r i a b l e  i s  r e q u i r e d  t o  b a l a n c e  
r a t h e r  small inc remen t s  i n  the  independen t  des ign  va r i ab le s  in  keep ing  the  
f l u t t e r  speed constant  on a l i n e a r  basis. For a given weight decrement 
t h e  amount o f  r e s i z ing  towards  the  goa l  o f  minimum t o t a l  mass o c c u r r i n g  i n  
the  independent  variables i s  small. I t  would seem, t h e r e f o r e ,  t h a t  it i s  
important t o  choose as a dependent design variable one t ha t  corresponds t o  
w1 , 
a l a r g e   v a l u e  - a m '  With t h e  p rope r  cho ice  o f  t h i s  va r i ab le ,  it would appear 
t h a t  a r easonab ly  e f f i c i en t  p rocedure  migh t  r e su l t .  In  o rde r  t o  a s ses s  th i s  , 
a d d i t i o n a l  r e s i z i n g  s t e p s  were executed ,  us ing  des ign  var iab le  5 as t h e  
independent   var iable .  The f lu t t e r  speeds  and  des ign  va r i ab le  d i s t r ibu t ions  
f o r  s i x  r e s i z i n g  s t e p s  are p r e s e n t e d  i n  Table A-4. One other  minor  departure  
from t h e  o r i g i n a l  method i s  t h a t  t h e  f l u t t e r  s p e e d  w a s  ad jus ted  to  approximate ly  
270.1 m / s  E M  at t h e  beginning  of  each  res iz ing  cyc le  by  a uniform percentage 
i n c r e a s e  i n  t h e  c u r r e n t  d e s i g n  v a r i a b l e  d i s t r i b u t i o n .  
It i s  b e l i e v e d  t h a t  t h e  e f f i c i e n t  p e r f o r m a n c e  i n d i c a t e d  b y  t h e  results 
shown i n  T a b l e  A-4 may b e  somewhat b e t t e r  t h a n  might  typical ly  be achieved 
by t h i s  method. These eva lua t ions  were p e r f o r m e d  r e l a t i v e l y  l a t e  i n  t h e  con- 
t r a c t  e f f o r t ,  s o  t h a t  much experience with t h i s  t e s t  case had been accumulated. 
This allowed a c h o i c e  o f  t o t a l  mass r educ t ion  s t eps  which minimized t h e  
r equ i r ed  number o f  s t e p s  t o  a c h i e v e  t h e  mass reduct ions  shown. S p e c i f i c a l l y ,  
the   success ive   va lues   o f  W chosen ( 9 0 . 7 ,  90.7,  90.7,  45 .4 ,  9 . 1 ,   9 . 1  kg)  
a n t i c i p a t e   t h e  minimum weight .  
1 
A . 3 . 3  Improved Move Vector - To e l i m i n a t e  t h e  s e n s i t i v i t y  o f  t h e  m o d i f i e d  
method t o  t h e  c h o i c e  of dependent design variable,  a modified move vec tor  
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Table A-4: Mass Reductions  with  Modified  Simodynes  Procedure 
The  new  move vec tor  i s  shown i n  equation ( A . 3 ) ,  where - i s  the  am. 
1 
d e r i v a t i v e  o f  t h e  f l u t t e r  s p e e d  w i t h  r e s p e c t  t o  t h e  d e s i g n  v a r i a b l e  m . .  
The f i r s t ,  p o s i t i v e ,  component of t h i s  move vec tor  w i l l  be recognized as the  
1 
veloc i ty  grad ien t .  The s c a l a r  "a" is  determined from equation ( A . 4 )  , where 
W2 i s  t h e  t o t a l  mass s p e c i f i e d  for t h e  p o s i t i v e  component of t h e  v e c t o r  
b m i ) .  The s c a l a r  "b" defines  the  magnitude of the  nega t ive  component of 
the   vec tor  e m i )  such   t ha t   t he   change   i n   f l u t t e r   speed ,  on a l i n e a r i z e d  
b a s i s ,  i s  zero.  
The f l u t t e r  v e l o c i t y  d e r i v a t i v e s  , needed  fo r  t h i s  move v e c t o r ,  are not  
computed d i r e c t l y  i n  e i t h e r   t h e  Simodynes or modified Simodynes procedure.  
In s t ead ,  pa r t i a l  de r iva t ives  o f  t he  dependen t  va r i ab le s  wi th  r e spec t  t o  
independent  var iab les  a re  genera ted .  For the  modi f ied  Simodynes procedure,  
cons ider ing   the   dependent   des ign   var ia lbe ,  m and  one  independent  design 
v a r i a b l e ,  m keeping a l l  other   independent   var iables   constant ,   the   condi t ion 





where - i s  a norma l i zed   f l u t t e r   speed   de r iva t ive .  The negat ive of t h e  
complete set  of  such  der iva t ives  i s  t h e n  e q u i v a l e n t  t o  t h e  f i u t t e r  v e l o c i t y  
ami 
d e r i v a t i v e s  n o r m a l i z e d  t o  t h e  f l u t t e r  v e l o c i t y  d e r i v a t i v e  o f  t h e  d e p e n d e n t  
design variable.  Examination of equations (A.  3) , ( A . 4 )  and ( A . 5 )  shows t h a t  
t h e  column of  res iz ing  increments  , Ami , remains invariant  with normalizat ion 
o f  t he  f lu t t e r  ve loc i ty  de r iva t ives .  Accord ing ly ,  t he  no rma l i zed  de r iva t ives  
i n d i c a t e d  i n  e q u a t i o n  ( A . 6 )  a r e  u sed  to  eva lua te  the  r e s i z ing  inc remen t s  
shown i n  equat ion (A.3) .  
Using t h e  move vec tor  descr ibed  here ,  wi th  a value of  W = 45.4 kg 2 
(100 l b s )  , t h e  r e s u l t s  of e i g h t  r e s i z i n g  s t e p s  a r e  shown i n  Table A-5. I n  
compar ing  these  r e su l t s  w i th  the  r e su l t s  i n  Table A-4 and  no t ing  tha t  t he  
"improved" move vec to r  r equ i r e s  more s t e p s  t o  r e a c h  t h e  m i n i m u m  t o t a l  mass , 
re ference  i s  again made t o  t h e  f a c t  t h a t  t h e  r e s u l t s  o f  T a b l e  A-4 were gen- 
e ra t ed  a f t e r  cons ide rab le  expe r i ence  had  been  ga ined  wi th  th i s  i dea l i zed  t e s t  
c a s e .   S p e c i f i c a l l y ,  it w a s  found  tha t   he   va lue   o f  W chosen   a f f ec t s   t he  
convergence  of  the  procedure.   Note  that   the  quantity W2 i n  t h e  p r e s e n t  
procedure  has  no  d i rec t  re la t ionship  to  the  quant i ty  W1 used i n  t h e  m o d i f i e d  
Simodynes procedure.  
2 
To de te rmine  the  e f f ec t  of varying W2, s t e p s  5 , 6 and 7 were repeated 
with  values  of W2 of  90.7, 90.7 and  136  kg,   respect ively.  The r e s u l t s ,  
p resented  i n  Table A-6, demonstrate that  improved performance of the method 




















































































































Table A-5: Mass Reductions w i t h  Improved Move Vector 
90 - 7  
90 - 7  
F lu t te r  Spee l  










Design Variable  Mass, kg F l u t t e r  Spee 
I '  3 m / s  U S  To ta l  8 7 6 5 . 4  -~ 
0.0  
270 .o 249.6 8.4 52.0 71.9 82.2 35.1 0.0 0 .0  0.0 
270 .o 250.0 8 .3  51.5 69.0 80.2 40.9 0 .0  0 . 0  0 . 0  
269.8  252.0 8.7 49.8 65.1  77.7 45.6 5.0 0 .0  
. . . ~ ." " 
Table A-6: Mass Reductions  with  Increased  Values  of W 2 
A. 4 '  GRADIENT METHODS OF RUDISILL AND BHATIA 
In Reference 1 4 ,  R u d i s i l l  and Bhat ia  present  a method of generating 
f l u t t e r  v e l o c i t y  d e r i v a t i v e s  and they suggest  several  res iz ing procedures  
us ing   these   der iva t ives .   These   p rocedures   a re   d i scussed   in   Sec t ion  6.2. Two 
of  these  procedures ,  the  ve loc i ty  grad ien t  search  and the  g rad ien t  p ro jec t ion  
sea rch ,  were chosen for numer ica l  eva lua t ion  and  the  resu l t s  a re  presented  i n  
t he  fo l lowing  sec t ions .  
A . 4 . 1  Veloci ty  Gradient  Search - "he ve loc i ty  g rad ien t  s ea rch  i s  u s e d  t o  
inc rease  f lu t t e r  speed  by  a series of  r e s i z i n g  s t e p s  i n  which the increments  
i n  t h e  d e s i g n  v a r i a b l e s  are propor t iona l  to  the  cor responding  e lements  of t h e  
ve loc i ty  g rad ien t . '  The r e s u l t i n g  d i s t r i b u t i o n  i s  not  optimum, bu t  is a good 
i n i t i a l  d i s t r i b u t i o n  f o r  p r o c e d u r e s  i n  which t h e   t o t a l  mass i s  minimized a t  
c o n s t a n t  f l u t t e r  s p e e d .  One obvious appl icat ion of t h i s  p r o c e d u r e  is i n  
i n c r e a s i n g ' t h e  f l u t t e r  s p e e d  o f  a f l u t t e r - d e f i c i e n t  d e s i g n  t o  t h e  r e q u i r e d  
f l u t t e r  s p e e d .  S t a r t i n g  w i t h  t h e  226.4'm/s EAS conf igura t ion  of t h e  test case 
s t r u c t u r a l  model, t h e  f l u t t e r  s p e e d  w a s  i nc reased  to  approx ima te ly  270.1 m / s  
EAS i n  f i v e  s t e p s  ( T a b l e  A-7). The des ign  var iab le  increments  were formed 
accord ing  to  equat ion  (A.71, where t h e  nominal  velocity  increments,  AV, were 
12.9, 10.3, 10.3, 5.1 and 3.1 m / s  E M .  The ac tua l  ve loc i ty  increments  do 
not  cor respond exac t ly  to  the  nominal  increments  because  of  1) the nonl inear  
re la t ionship  be tween the  increment  in  f lu t te r  speed  and  increments  in  the 
design var iables ,  and 2 )  t h e  f a c t  t h a t  t h e  v e l o c i t y  d e r i v a t i v e s ,  as def ined  
in  Reference  1 4 ,  are not  based on matched atmospheric conditions of Mach 
number, speed  and  a l t i t ude ,  whereas  the  f lu t t e r  equa t ion  was s o l v e d  d i r e c t l y  
f o r  matched conditions. 
To e v a l u a t e  t h e  e f f e c t  of  t h e  number o f  r e s i z ing  s t eps  used  to  p roduce  
a given veloci ty  increment ,  the magnitude of the  or ig ina l  increment  was 
de termined  which  resu l ted  in  the  same f l u t t e r  speed of  270.5 m / s  EAS i n  one 
r e s ' i z ing  s t ep .  The r equ i r ed  mass, 292.3 kg,  does not  differ  great ly  f rom 
the mul t i - s t ep  r e su l t  o f  286.7 kg, when compared w i t h  the optimum t o t a l  
des ign  va r i ab le  mass 0 f ~ 2 4 9 . 6  kg  pounds ( f o r  Vf = 270.1 m / s  EAS). 
T 7.9  11.6 
3 
2 .4  
6.0 
11 .2  
14.7 
17.2 



















" 1  ' F l u t t e r  Speed To ta l  m / s  EAS 239 * 0 130 - 9 261.1 211.0 249.9 260.9  250.8 286.7 I 270 * 5 
Table A-7: Design  Variable Mass and  F lu t t e r  
Speed; Velocity Gradient Search 
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A.4 .2  Gradient  Project ion Search - The g rad ien t  p ro jec t ion  sea rch  is  a 
p r o c e d u r e  f o r  r e d u c i n g  t h e  t o t a l  mass o f  t he  des ign  va r i ab le s  wh i l e  a t t empt ing  
t o  m a i n t a i n  a c o n s t a n t  f l u t t e r  s p e e d .  The column of  resizing increments  is  
der ived from the veloci ty  gradient  and the mass g rad ien t  as ind ica t ed  by 
equat ion (A.  8 )  
where t h e  s c a l a r  hl i s  determined as i n  e q u a t i o n  (A.9): Comparison wi th  
equat ions ( A .  3) , ( A . 4 )  and ( A .  5) shows that t h i s  r e s i z i n g  column i s  similar 
t o  t h a t  o f  S e c t i o n  A.3.3 except the  mass g rad ien t  is  u s e d  i n  p l a c e  o f  t h e  
r ec ip roca l s  o f  t h e  f l u t t e r  d e r i v a t i v e s .  For comparison w i t h  t h i s  previous 
procedure,  t h e  product AoA1, t he   coe f f i c i en t   o f  the ve loc i ty   g rad ien t ,  was 
chosen t o  g i v e  t h e  same 45.4 kg pos i t ive  increment  as before .  The results 
of t h e  first three r e s i z i n g  s t e p s ,  s t a r t i n g  w i t h  t he  270.1 m / s  EAS configura- 
t i o n ,  are g i v e n  i n  Table A-8. Comparison w i t h  Table A-5 i n d i c a t e s  that  t h e  
first t h r e e  s t e p s  o f  t h e  g rad ien t  p ro jec t ion  sea rch  are less e f f e c t i v e  t h a n  
t h e  i n i t i a l  s t e p  o f  t h e  p r o c e d u r e  o f  S e c t i o n  A . 3 . 3 .  The eva lua t ion  of  the  
g rad ien t  p ro jec t ion  sea rch  was terminated a t  t h i s  p o i n t .  
Design Variable Mass, kg 
Step  Tota l  8 7 6 5 4 3 2 1 
0 
458.3  7.2 28.2 37.8  61.9 57.4 77.1 90.6 98.1 2 
479.4 10.3 25.2 34.5 62.3 61.0 83.3 97.4 105.4 1 
506.6 15 .3  21.8 31.3 63.6 65.5  90 4 105.2 113.5 
3 439.5 5.4 30.8 40.7 61.8 54.2  7 384.1 91.2 
L 
~ ~ . .  _. ". ". 
F l u t t e r  Speed 





Table A-8: Mass Reduct ions with Gradient  Project ion Search 
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A.5. INTERIOR PENALTY FUNCTION METHOD 
The i n t e r i o r  p e n a l t y  f u n c t i o n  method, described i n  R e f e r e n c e  16 and 
d i s c u s s e d  i n  S e c t t o n  6.4, employs a series of unconstrained minimizat ions 
of a mod i f i ed  ob jec t ive  func t ion  in  o rde r  t o  min imize  the  ob jec t ive  func t ion  
of interest  ( u s u a l l y  t o t a l  mass). The modif ied   ob jec t ive   func t ion ,  @ ( m i ) ,  
i s  formed by adding penalty terms, r e f l e c t i n g  t h e  c o n t r a i n t .  e q u a t i o n s ,  t o  t h e  
ob jec t ive   func t ion  W(mi) ( equa t ion  (A.10)). The minimizat ion  of   the  modif ied 
ob jec t ive  
n 
(A. 10) 
func t ion  i s  ca r r i ed  ou t  fo r  r epea ted  r educ t ions  o f  t he  pena l ty  we igh t ing  f ac -  
t o r ,  r ,  u n t i l  t h e  minimum of   the  modif ied  object ive  funct ion  approximates  
t h e  minimum of t h e  o b j e c t i v e  f u n c t i o n .  I n  t h e  p r e s e n t  c a s e ,  t h e  p e n a l t y  
terms represented  minimum s i z e  (mass) cons t r a in t s  fo r  each  o f  t he  e igh t  des ign  
v a r i a b l e s ,  i n  a d d i t i o n  t o  t h e  f l u t t e r  s p e e d  c o n s t r a i n t .  S t a r t i n g  w i t h  t h e  
280.4 m / s  EAS (545 KEAS) c o n f i g u r a t i o n ,  t h e  i n i t i a l  pena l ty  we igh t ing  f ac to r s  
were chosen t o  produce a t o t a l  o f  t h e  p e n a l t y  terms approximately equal  to  
the  objec t ive  func t ion .  These  pena l ty  weight ing  fac tors  were  reduced  in  f ive  
s t e p s  t o  a value which resul ted in  penal ty  terms approximately equal  to  one 
percent  of  the  minimum v a l u e  o f  t h e  o b j e c t i v e  f u n c t i o n  ( t o t a l  mass). The 
move d i r e c t i o n  was generated using approximate second der ivat ives  with Newton’s 
method (Sec t ion  6.4 and Reference 16) .  The r e s u l t s  o f  t h e  f ive r e s i z i n g  s t e p s  
are given i n  Table A-9. 
Table A-9: Mass Reductions  with  Penalty  Function  Procedure 
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It is recognized  tha t  addi t iona l  res iz ing  s teps  in  which the  pena l ty  
weight ing factor  i s  fur ther  reduced would l e a d  t o  a lower t o t a l  mass. How- 
ever ,  it has been observed (Section 6.4.2) tha t  each  s tep  i n  the  pena l ty  
function procedure requires approximately the same  number of numerical evalua- 
t i ons  as t h r e e  s t e p s  i n  a rb i t r a ry  s t ep  s i ze  p rocedures ,  so t h a t  t h e  number of 
s t eps  i n  this  numerical  evaluat ion of  the penal ty  funct ion method i s  s u f f i -  
c ien t  to  provide  the  compar ison  wi th  the  a rb i t ra ry  s tep  s i z e  procedures 
(Tables A-4 and A-5). 
A.6 METHOD OF FEASIBLE DIRJXTIONS 
The method of  feasible  direct ions (Reference 17 and Sect ion 6.5)  gen- 
erates a se r i e s  o f  r e s i z ing  move vectors, each of which i s  both  feas ib le  
(does  not  v io la te  ac t ive  cons t ra in ts )  and  usable  (reduces  total  mass). Each 
r e s i z ing  d i r ec t ion  i s  fo l lowed unt i l  a new cons t ra in t  i s  v io la ted ,  an ac t ive  
cons t ra in t  i s  re -encountered  or  the  to ta l  mass is minimized. The r e s i z i n g  
d i r ec t ion  i s  found using the Simplex procedure to determine an optimum move 
d i r ec t ion .  
In  the  p re sen t  ca se ,  t he  270.1 m / s  EAS configurat ion was taken as t h e  
s t a r t i n g  p o i n t ,  and minimum s i z e  (mass) cons t ra in ts  were imposed on the  
eight  design var iables  i n  a d d i t i o n  t o  t h e  f l u t t e r  s p e e d  c o n s t r a i n t .  The 
r e s u l t s  o f  t h e  first e ight  res iz ing  s teps  a re  presented  in  Table  A-10. 
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It should be n o t e d  t h a t  s t e p s  5A and 6A are so des igna ted  because  the  
f l u t t e r  speed  cons t r a in t  was no t  active fo r  t hose  s t eps ,  and  the re fo re  no 
f l u t t e r  s p e e d  d e r i v a t i v e s  were requi red .  The r e s u l t i n g  move d i r e c t i o n  was  
t hen  one of  "s teepest  descent  ,I' determined by t h e  mass gradient.  These two 
s t e p s  r e q u i r e d  somewhat less computing resources than did the remainder of 
t he  s t eps ,  and  it t h e r e f o r e  seemed r e a s o n a b l e  n o t  t o  i d e n t i m . t h e m  as f u l l  
s t e p s .  It  shou ld  a l so  be n o t e d  t h a t  0.5 kg (one pound) was e s t a b l i s h e d  as 
t h e  minimum mass ( s i z e )  a l l o w e d  f o r  any design variable, r a t h e r  t h a n  z e r o  
as in  o ther  procedures .  This  was later de termined  to  be unnecessary as i s  
d i scussed  in  Sec t ion  6 .5 .2 .  Had t h i s  n o t  b e e n  t h e  c a s e ,  t h e  t o t a l  mass i n  
each of t h e  l as t  s e v e r a l  s t e p s  would have been s l i g h t l y  less. 
A . 7  AN OPTIMIZATION METHOD USING  INCREMENTED  FLUTTER  ANALYSIS 
Reference 18 desc r ibes  a resizing procedure developed at Lockheed and 
used  p r imar i ly  in  an i n t e r a c t i v e  mode employing graphics displays.  This 
procedure i s  d iscussed  i n  Sec t ion  6.6. 
Although t h i s  p r o c e d u r e  i s  p r e s e n t l y  i n  an incomplete s ta te  of develop- 
ment, i t  i s  of  i n t e r e s t  i n  t h a t  i t  employs a unique method of determining 
r e s i z i n g  s t e p  s i z e .  T h i s  i s  done  by a d i rec t  min imiza t ion  of t h e  o b j e c t i v e  
funct ion (weight)  using a d i rec t ion  de te rmined  by v e l o c i t y  d e r i v a t i v e s  and 
t h e  c o n s t r a i n t s .  This minimization  results  from,  and takes in to   account ,  
t he  non l inea r  r e l a t ionsh ip  be tween  des ign  va r i ab le  inc remen t s  and  f lu t t e r  
speed. A new d i r e c t i o n  i s  generated arter each minimization, and the process 
i s  repea ted  until an acceptable  approximation of  the minimum t o t a l  mass i s  
obtained.  
The results o f  4 r e s i z i n g  s t e p s  a r e  p r e s e n t e d  i n  T a b l e  A-11. 
i 
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